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ELLIPTIC PROBLEM IN AN EXTERIOR DOMAIN DRIVEN BY A
SINGULARITY WITH A NONLOCAL NEUMANN CONDITION

DEBAJYOTI CHOUDHURI AND KAMEL SAOUDI

ABsTrACT. We prove existence of a ground state solution to the following problem.
(—A)*u~+u = Au| 7 ru+ P(z)|uP "ty in RV \ Q,
Nsu(z) =0 in Q

where N >2, A >0,0<s,y<1,pe(1,25—-1) with 2% = N2i\]25- Moreover, Q C RY
is a smooth bounded domain, (—A)® denotes the s-fractional Laplacian and finally
N denotes a nonlocal operator that describes the Neumann boundary condition. We

further establish existence of infinitely many bounded solutions to the problem.

JloBeneHo icHyBaHHS PO3B’sAI3KY OCHOBHOI'O CTaHy HACTYIIHOI 3aJadi:
(=AY u+u = ANu|"""tu+ Pz)|uPlu BRY\ Q
Nsu(z) =0 B ()
ae N >2,A>0,0<s,v<1,p€ (1,2 —1) 32 =28 Kpim roro, Q C RNV —
S mo3Havae s-IpoboBumii Jiamacian i, HapewmTi, N
ITO3HaYa€ HeJOKaJIbHUIl OIlepaTop, AKUil ONKCye HelIMaHOBCKY I'DaHMYHY yMOBY. JlaJi
BCTAHOBJIIOEMO 1CHYyBaHHS HECKIHIEHHOI KIJILKOCTI OOMe>KeHUX PO3B’aA3KiB 3amadi.

ruajiKa obMekeHa 06s1acTb, (—A)

1. INTRODUCTION

As mentioned in the Abstract, we will take up the following problem to study:
(=A)u+u = Mu| " u+ P(x)|uftu in RV \ Q,
Ngu(z) =0  in Q.
The function P is a continuous function such that
(P): Pl)>P>0 inRY\Q

and
lim P(z) = P.
|z|—o00
The “nonlocal normal derivative” Ng was first introduced by Dipierro et al. [10] which is
given as follows:

u(z) — u(y)
N, =C —————=dy, € Q.
su(x) N,S /RN\Q |.'L'_y|N+2S y €

The authors in [10] proved that as s — 17, the classical Neumann boundary condition is
recovered in the following sense:

ou

lim vNgu = v,

s=17 JRN\Q o0 v
where v is an outward drawn normal to the boundary 0€2. Elliptic problems considered
in an exterior domain is a rarity in the literature. However, when we traced through
the literature pertaining to the exterior domain problem, we found a few seminal works.
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One of them is due to Benci and Cerami [4] who considered the problem (P) with s =1,
V(z) =1, A=0, Q(z) = 1 and with a zero Dirichlet boundary condition. The authors in
[4] showed that it does not have a ground state solution. Thanks to the article due to
Esteban [11] who proved that the same problem with Neumann condition has a ground
state solution to the following problem:

—Au+u = |uffu in RV \ Q,
(1.1)
Ou =0 on O0f).
v
A noteworthy work is due to Cao [5] who studied the existence of positive solution to
(1.1) under the assumption that

P(z) > P — Ce~®lz|™™ as |z| — oo

together with the condition in (P;). Here a = %, m > N —1, and C' > 0. Continuing
in this article [5], Cao further proved the existence of sign changing solution (also know

as a nodal solution) under the additional assumption that
~ Lz
P(z) > P+ Cef%m_m as |z| = oo

together with the condition in (P;) with 0 < m < %, Alves et al. [1] proved that the
results found in [5] also hold true for the p-Laplacian operator and for a larger class of
nonlinearity. The problem with N = 2 and nonlinearity of critical growth has also been
considered by Alves in [2].

Off-late, the fractional Laplacian operator gained a mileage as far as attention is
concerned as it naturally arises in many different contexts, viz. optimization, thin obstacle
problem, finance, crystal dislocation, conservation laws, limits of quantum mechanics,
material science and water waves to name a few. Interested readers may also refer to
the works [7, 8, 15] purely for mathematical interest. We drew motivation from the work
due to of Alves [3] to study the problem (P). To the best of our knowledge, there is
no article in the literature that addresses the problem (P) driven by a singularity in an
exterior domain and a Neumann boundary condition. We will first prove the existence of
a nonnegative ground state solution to (P). Capitalising on this proof, we will further
show that the problem has infinitely many bounded solutions for a finite range of A. The
main result concerning the existence of a ground state solution is as follows.

Theorem 1.1. Suppose p € (1,2% — 1) and (Py) holds, then (P) has a positive ground
state solution. Further, there exists Ag > 0 such that (P) has infinitely many bounded
solutions whenever X € (0, \p).

2. PRELIMINARIES

The section introduces the readers to some well known function spaces besides considering
the following limiting problem.

(=A)u+u = Au| ™Y Lu + PlufP~tu in RY,

Py
u € H*(RY). (Poo)
The operator (—A)? is defined as follows.

(—A)u(z) = Ox PV, [ HE = uly) (2.2)

v Jo— v



18 D. CHOUDHURI AND K. SAOUDI

— 9251 — N (P2
where Cy s = 2 INEOIE

space equipped with the norm

1
|2 / 9 2
= — " _dyd d
Il ( /]RN/RN Ix— \N“g YT Jon el

Let D C RN be a smooth domain. We now define the fractional Sobolev space pertaining
to an exterior domain as follows:

1 2

H}) = {u : RY — R measurable : — // wd dx +/ lu|?dx < oo}
2 R2N\ (D¢)? ‘JZ - | +2s

where D¢ = R™ \ D. This space is equipped with the norm

ull, = // [u(z) —uy)” , der/ |u\2d:v)%
° R2N\(D<)2 |30—?/|N+23 D '

This space Hj, is a Hilbert space with an inner product (-,-)gs given by

1 (u(x) — @)@ o) o
oy = [ O Py + [ o

We now state a few embedding results pertaining to the space H7, which can be found
in [9].

We will denote H*(RY) to be the fractional Sobolev

Lemma 2.1. (1) Let H%(D) be the classical fractional Sobolev space equipped with
the norm

1/ |u(z) — u(y)®
ul%epy = = dydx—I—/ u|?dz.
ity =5 | [ et 1

Since D x D C R?N \ (D¢)2, the embedding H;, — H*(D) is continuous.
(2) The embedding H*(RN) — H3, is continuous.

(3) Since H*(D) — LP(D) is continuous for every p € [2, %}, by (1) we have

2
Hf LP(D ll 2, ——| .
b 20y g o 20 ]

(4) If D is bounded, we have the compact embedding

2N
Hf LP(D ll 1, —— .
o 2 g 1220

Definition 2.2 (Palais Smale condition [14]). Let X be a Banach space and J : X — R
a C! functional. It is said to satisfy the Palais-Smale condition (PS) if the following
holds: whenever (u,) C X is such that J(u,) is bounded and J'(u,) — 0 in X*, the dual
space of X, then (u,) has a convergent subsequence.

Definition 2.3 (Mountain pass theorem of Ambrosetti and Rabinowitz [14]). Let J :
X — R be a C! functional satisfying (PS). Let ug,uz € X, ¢ € R and R > 0 such that
(1) flur —uoll > R,
(2) J(uo), J(u1) < ¢ < J(v), for all v such that ||[v —ug| = R
Then J has a critical value ¢ > ¢ defined by

¢ = inf S(t
¢= inf fél[(?,’i]”( ()}

where P is the collection of all continuous paths ¢ : [0, 1] — X such that 6(0) = up and
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2.1. Cut-off functional. We first define a functional I : H3. — R corresponding to the
problem in (P) as follows:

_ 2
// 113(4_2)‘ d dx—i—/ |u|2dx)
Rmvvﬂc) \x——y| 8 RN\Q

1
- — lu|' Y dr — —— |u|PTda.
I =75 Jrmo p+1 Jrv\q

(2.3)

Note that, the functional I is not C! over H.(RY) due to the presence of the singular
term. Towards this, we will define a cut-off functional to overcome this problem. We now
prove the following Lemma which will be used to construct the cut-off functional.

Lemma 2.4. Let 0 <y <1, A\, > 0. Then the following problem:

(-AYu+u = M7 inRV\Q,
u > 0 inQ,
u = 0 inQ (2.4)

has a unique weak solution in H. This solution is denoted by u,, satisfies uy > exvg a.e.
in Q°, where €y > 0 is a constant.

Proof. We follow the proof in [12]. First, we note that an energy functional on H§.
formally corresponding to (2.4) can be defined as follows:

— 2
// %Mdydwf juf*dz) — % ' da
@) [ =] RN\Q 1 RN\Q
(2.5)

for u € H§. By the Poincaré inequality, this functional is coercive and continuous on
Hg.. It follows that E possesses a global minimizer uy € Hg.. Clearly, uy # 0 since
E(0) =0 > E(ev) for sufficiently small ¢ and some vg > 0 in RV \ Q.

Secondly, if ug is a global minimizer for E, hence |ug| is also a global minimizer since
E(Juo]) < E(up). Clearly enough, the equality holds iff uy = 0 a.e. in RN \ Q. In other
words we need to have uy > 0, i.e., ug € H3. where

He. " ={uc HY:u>0ae in RV\Q}

is a positive cone in H§..
Third, we will show that ug > evg > 0 holds a.e. in RY \ Q for small enough €. Observe

that
—u(y)? / 2
tv c —e // 7dyd:1c + U d;v)
( 0 |t R2N\ (00)? |l’ — |N+25 ]RN\Q| ‘

- A(W/ lul*~7dx < 0
RN\Q

whenever 0 < € < €, for some sufficiently small €x. We now prove that ug > € vg. Suppose
not, i.e, w = (exvp — ug) T does not vanish identically in RY \ Q. Denote

(2.6)

RY\ QT = {2z e RV \ Q: w(z) >0}

to be the positive cone in H&.. We consider the function ((t) = E(ug + tw) of t > 0. We
note that the function ( is convex. This can be concluded from the definition of ¢ over
the convex set H&™'. Further ¢'(t) = (E’(up + tw),w) is nonnegative and nondecreasing
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for t > 0. Consequently for 0 < ¢ < 1 we have
0<¢'(1) = ¢'(t) = (E'(uo + w) — E' (uo + tw), w)

_ / F (uo + w)dz — (1) 2.7)
(RN \Q)+
<0

by inequality (2.6) and ¢’(¢) > 0 with ¢’(¢) being nondecreasing for every ¢ > 0, which is
a contradiction. Therefore w = 0 in RY \ Q and hence ug > exvp a.e. in RV \ Q.

Finally, we conclude that ug is the only critical point of E in H50+ because the
functional E is strictly convex on H&. 1. Define W = {x € RN\ Q : u(z) = w,(7)}.
Obviously W is a measurable set. therefore, for any n > 0 there exists a closed subset
V of W such that [W\ V| < n. Further assume that [WW| > 0. A quick manipulation
of taking the difference between the weak formulations of the problems (P) and (2.4)
alongwith testing it with

1, ifxeV,
plx)=q0<p<l, ifzeW\V, (2.8)
0, ifz € RN\ Q)\W

yields an absurd relation. Therefore, [WW| = 0 which implies that WW = (). Hence, u > u,
in RN\ . 0

We now define the following cut-off function which will be used to create the required
cut-off functional:

Ft) A7+ [¢PLe, i |t > wy,
1'7 = — .
Auy " 4wk, if [t < uy,

where u, is a solution to (2.4). Define

WP / 2 / -
7dydx + ul|“dx ) — F(x,u)dx, (2.9
//Rw\(ﬂ)z |z — y|N+2s RN\Q lu ) RN\Q () @9)

where F(x,t) fo z,s)ds. This functional I thus defined is in C!(H§.;R) and it is
standard to show that

r( —u(y))(v(z) —v(y))
T //RZN\(Q |2 g y|NF2s : Ayt /RN\sz uvdm)

- / f(z,u)vdr  (2.10)
RN\Q

for all v € H§,..
Similarly, we treat the functional corresponding to the problem defined in (Py). The
functional is defined as follows:

// )|2dydac—|—/ |u|2dx)
R2N |~T— |N+2S RN

A 1
-— lu|' ™V dx — 7/ |ulPT 2. (2.11)
1-— v JRN P + 1 RN

A similar modification as done to the functional I yields us the following:

Ju(z) — u(y)? 2 -
//RZN z fy|N+25 d dx—l—/RN |ul da:) - /RN G(z,u)dz. (2.12)
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Again, it is easy to see that I, € C'(H*(R");R) and

= (L[] ) [

f/ g(z,uw)vdx (2.13)
RN

for all v € H*(RY). Here

Jot) = A=Y+ gpte, i [t > s,
TEITZ AN + @)y, it [t < ug,

where G(x,1) fo s)ds. Further, u3° is a solution to the following problem:
(—A)‘ ut+u = M) inRY, (Pso)
u > 0 inRY. (2.14)

Existence of a unique solution to (2.14) can be proved by following verbatim the proof of
Lemma 2.4.

Remark 2.5. Instead of studying the problem (2.2), we will study the following problem:
(=A*u+u=f(z,u) inRY\Q, )

Nou(z) =0 in Q.
This is because a solution to (P’) is also a solution to (P).

3. PROOF OF THE MAIN THEOREM

This section is devoted to the proof of the main Theorem 1.1. We begin by stating a
Lions type lemma that will play a crucial role in the proof of the main theorem.

Lemma 3.1 (Refer [3]). Let D C RY be an exterior domain with smooth bounded
boundary and let (u,) C Hf, be a bounded sequence such that

lim sup / | |2dz =0 (3.15)
Uy, T)

n*)OOyeRN

for some T >0 and U(y,T) = B(y,T) N D with U(y,T) # ¢. Then

lim / |un |Pdz for all p € (2,2%). (3.16)
n—oo D
The next lemma proves that the functional I satisfies the Mountain pass geometry.

Lemma 3.2. The functional I obeys the Mountain pass geometry for A € (0, o) with
Ao < 0.

Proof. Since p € (1 N+2f) and P is bounded, by Sobolev embedding we obtain

o CllPLes s 10

I(u) 2 Sju s, — pTHUH A || 775,

where C,Cy > 0. Now for a small A > 0, say A\g, we have that 1 Hu||H . )‘ffy ||u\|;l;z > 0.

Note that this positivity holds for any A € (0, \g). For a sufﬁ(tlently small [lullmg, =1,

we further have a(r) = 1r? — CullPllee p+1
pF1

have a pair (A, r) such that

— %rk” > (0. Therefore, to sum it up we

I(u) >a(r)>0
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for any A € (0,Ao) and for every u such that |lul[gs, = 7. On the other hand, taking
u € H&:. \ {0} and ¢t > 0 we have

_ t2 2 )\tl_’Y 1— tp+1 +1
I(tu) = [z, — Jul dx — P(a)u"™.
2 Qe 1-— Y JQe p+ 1 Qc

Since p+1 > 2 > 1 —, we have I(tu) — —oc as t — oo. This verifies the second
condition of the Mountain pass theorem. O

Remark 3.3. Suppose u is a solution to (P), then the following holds.
(1) Since I(u) = I(|u]), it implies that v~ = 0 a.e. in Q€.
(2) Furthermore, u > 0 a.e. in ¢ owing to the presence of the singular term.

Thus without loss of generality, we assume that the solution is positive.
We have the following result.

Lemma 3.4. For any fized X € (0, o), a solution v > 0 of (P) such that u > u, a.e. in
RN\ Q exists.

Proof. Fix A € (0, ) and let v € H§. be a positive solution to (P) and uy > 0 be a
solution to (2.4). We prove that u > u, a.e. in RV \ Q. Let Q = {z ¢ RN\ Q : u(z) <
uy (x)}. From the equation obeyed by u, u,, we have

(=AYuy — (~A)u,uy — u)g + / luy — ul?dz < A / (457 — w7 (uy — u)da < 0.

(3.17)

Further, by the Simon’s inequality we have
(—A) 'ty — (~A) 1, — u)g > 0. (3.18)
Thus from (3.17) and (3.18), we conclude that u > u, a.e. in Q°. O

Lemma 3.2 allows us to apply the Mountain pass theorem without the Palais-Smale
condition (Definition 2.2) to find a sequence (u,,) C H&. such that

I(u,) — ¢y and I'(u,) = 0 (3.19)

where
c = inf  supl(tu). 3.20
' et oyl () (3.20)

Moreover, we further have

€ = Jgj{/f(u) (3.21)

where
N ={uc Hi \ {0} : (I'(u),u) = 0} (3.22)

is called a Nehari manifold. Henceforth, we say that u € Hg. is a ground state solution
to (P’) when

I(u) = ¢, and I'(u) = 0. (3.23)
We further recall that by a ground state solution we mean a function .
Lemma 3.5. Suppose (Py) holds, then
0<c <ceso

whenever A € (0, Ag).
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Proof. Let u be a nontrivial ground state solution of (Ps) and define w, (z) = u(x — a,)
where a,, = (n,0,---,0) € RY. From (3.19),

¢ = r{l;g{f(tu)}. (3.24)

For every t > 0 consider the function

ft) = ﬁnu %, — - / |un|' ™V dx — " / P(@)|un|P da (3.25)
—2 nilHg. 1—’Y e n p+1 0 n . .

It is clear that f(0) = 0, f(t) > 0 for ¢ small enough and f(¢t) < 0 for ¢ large enough.
Therefore, there exists a unique v, € (0,00) such that

flm) = I(mug) = rgl;gc{f (tun)}- (3.26)

Therefore, f'(v,) = 0 which amounts to saying that

—d d nl?d
//RM\Q2 o — y[Nres Y v |u "

=y, "’/ [t |2V d + AP 1/ P(x)|un P 2. (3.27)
From the definition of ¢; given in (3.21) we obtain

1 Sf(%un)

|un () = un(y)]? /
—I
//QXQ |I7 |N+25 ——— " dydx + [ |ug] d:c)

! 5 ! My 7
tn / (P — P(x))|un [P de + 22— P\un\pﬂdx 4+ / |t |* Y d
p+1 Jrvia p+1 L= Jo
B 2 p+1 +1 -
Lo () — 200y T / Plual o+ 25 [ (P P
2 T pri1 p+1Jeva

)\’Yn_ / |Un|1 Vdx

(3.28)
where

|un (@) — un(y)? / 2
— " dydx + Up |“dx.
=5 L ]

We found from (3.27) that (v,) is bounded. For if not, then there exists a subsequence of
(vn), still denoted by (v ), such that v, — co. Moreover, as n — oo, we have

|un (@) — un(y)|® _
3 o Sy e s [ e ol (3:29)

Employing this in (3.27) leads to an absurdity that ||@||> = oo. Therefore, (v,,) is
bounded.Thus, up to a subsequence we have ~,, — 7. We now claim that v9 = 1.
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On making a change of variables & = x — ay,, § = y — i, We see that
1 |a(z — an) —uly — an)l
lunllzs, = 5//RZN Xr2n\Q2 (T, Y) o — g+ dydzx

Qc

+ [ xwnalae - an)Pds
R (3.30)

1 |a(z) — u(y)[”
By //RZN Xren\02 (T + om, Y + an)mdydaz

+ / xema (@ + an)|a()Pd.
RN

Since |ay,| — oo,
[a(z) —ua(y)| _, Jul@) - a(y)?

XR2N\ 2 (37 +an,y+ an) a.e. (x, y) e RN x RV

[y ey
and
Xev\o(T + an)|a(z) > = |a(z)|* a.e. z € RV,
Furthermore,
la(z) —aly)]?| _ la(z) —ay)®
XRQN\92($+Oén,y+C¥n) |$L‘—y|N+25 < |x—y|N+25 ELI(RN X RN)
and

xem\a(@ + an)lu(2) | < a(@)® € L' (RY).
Thus, by the Lebesgue’s dominated convergence theorem we have
||un||%léc — |||l as n — oo (3.31)
and thus
Yo unltrs, — 70 7 l1al as n - co. (3.32)
By condition (P;) we have
W XeM (@ + an) P(e + an)a(@) P = g (@) P ae. z € RY
and by the boundedness of P and (v,) we obtain

2 X + an) Ple + an)|a(@) P < A8 M) ae. ¢ € RY € L'(RY).
(3.33)

Thus by the Lebesgue’s dominated convergence we have
7£+7/ P(2)|un [P de — VSHW/ Plu(x) [P da. (3.34)
RN\Q RN

Similarly, on the other hand,
Axem\o(@ + an)|a(@)|' 7 = Na(z)|' 7 ae. x € RY
and

/ Axrm\o (T + ap)|a(@)]' 77 < / Ma(z)['7 ae. z € RY.
RN RN

Needless to say, by the Lebesgue’s dominated convergence theorem again we have

/RN\Q |1 ~Vdz — /RN () da (3.35)

Since, @ is a solution to (Ps) the limits (3.31), (3.34) and (3.35) give 9 = 1. Further, by
(3.28) we also have

tn'YrQL tn’Y%

c1 < Io(u) — 4 8p = Coo — 5

+ Sn- (336)
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Here,
,Yp+1 - - Ayl=v
w= 2 ([ Plugtidn + / (P~ P@)un P ) + 50 [ [
Cp+1\Jg RN\Q I—v Ja

p+1 ~
We will show that a, — 0 and b,, — fﬁ Jan (P — P(2))]a|Pt dz < 0 as n — oo which
is sufficient to show that ¢; < coo.
In order to verify this, we first note that u € H*(R™) and this gives a,, — 0 as n — oo.

Using a similar argument, we get b,, — z}g—: Jan (P — P(z))|a[P*'dx < 0. Therefore, from
(3.36) we have ¢ < coo.- O

Proof of Theorem 1.1. From (3.19) there exists a sequence (u,) C H. such that
I(u,) — ¢y and I'(u,) — 0 as n — oo.

Now since (u,,) is bounded, there exists a subsequence still denoted by (u,,), such that
u, — u for some u € H. and I'(u) = 0. The condition that I’(u,) — 0 implies that
each u, cannot be zero over a non-zero subset of Q¢. For if it is, then it leads to a
contradiction that I(u,) is finite. We claim that u # 0. Let us assume on the contrary
that u = 0. Since ¢; > 0, Lemma 3.1 guarantees the existence of p, 5 > 0 and (z,,) C Q¢
with |z,| = 0o as n — oo such that

/ [un|?dz > B vn € N.
B (z2n)NQe

Then for each fixed T > 0, there exists ng = no(7T") € N such that
B(0,T) CRV\ (2 — z,) Yn > ng.

Let wy, (z) = un(z + 2,) for € Q and w, (z) = u,(z) for z € RV \ . This defines w,,
in the entire RY. Then we have some subsequence of (w,,), still denoted by (w,,), which
is bounded in H*(B(0,T)) for all T > 0. This is because (u,) is bounded in H§. and
therefore there exists a positive constant C such that

C> // Wd d:zr+/ |t |2 da
R2N\ Q2 |z —yl RN\Q
. 2
R2N\(Q—zp)? T — YN F2S RN\ (Q—2z,)

Jwn () — wn(y)* / 2 2
> dydz + |wn|?dx = ||wn |5 .
//B(O,T)xB(o,T) |z — y|N+2s BOT) mH(B(0.T))
(3.37)

This suggests that there exists a subsequence of (w,), still denoted by (w,), and a
v € HE (RY) such that w, — w in H*(B(0,T)) as n — oo.
Further, by the lower semicontinuity of the norm we have

llwll s (B0, 1)) < hnIgiOI}DfHWnHHS(B(o,T)) <C

for every T' > 0. It follows from this that w € H*(RY). B
Let ¢ € H*(RY) be a test function with bounded support. Since, I(u,) = 0,(1),

(I'(un), (- = 2n)) = 0n(1). (3.38)
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Hence,

1 / / () ~ ) (P) = 2)) g, / wapde
2 JJRN\(Q2,)? |z — | s RN\ (©2-2n)

(3.39)

= / P(x 4 2zp) |wn [P wpode 4+ A |wn| ™Y wnpd.
RN\ (Q—2n) RN\ (Q—2n)

By the weak convergence of w, to w in H*(B(0,T)), we realize that

1 (wn (@) — wa(y))(2(z) — ©(y))
2 //R2N\(Q—zn)2 |z — y|N+2s dydi + /R wnpd

N\(Q_Zn)
(3.40)
1 (w(x) —w(y))(p(@) — ¢(y))
~3 / /w

dyd d — 00.
|3:fy|N+25 yx—i—/Rchp T asmn 00

Now suppose that |z,| — oco. Then we have
P(x+z,) - Pac. xRN asn— oo
and therefore
P(x + zp)|wn [P M wnp — Plw|P"lwp ae. z e RY  asn — oco.
Further,
[w,| 77w = Jw| T T we  ae. z € RN asn — oo,

These limits in combination with the boundedness of (w;,) in LPT1(RY \ Q) permits us to
apply [13, 4.6], to obtain

/ P(x 4 2zp)|wn [P wnpde — / Plw|P~  wpdz. (3.41)
B(0,T) B(0,T)

Note that since w,, — w as n — oo, we have by the compact embedding given in
Lemma 2.1 (4) that w,, — w in LPT1(RY). Further, since ¢ is bounded and has bounded
support,

WP wnp = [w] T wpdz

and therefore
/ W [P~ wp pda — |w| ™ wpdz. (3.42)
B(0,T) B(0,T)

Note that this also implies that w can never be zero over a subset (of RYV) of non-zero
measure (refer Appendix). Thus, (3.39)—(3.42) give

(oo (w), ) = 0.
Now by density we extend our test function space to H*(R") and the last equality gives

that w is a nontrivial solution of (P ). On computing the following

~ (T (w),w)

1 1 ~ 1 1
= <7 — 7> / PlwPtldx + )\(f - 7) / lw|'~Vdx
2 p+1/ Jg~ 2 1—v/ Jg~

1 1 ~
< (7 — 7>/ Plw|Ptdx
2 p-‘r 1 RN
1

1
< liminf(f - 7) / P(z + zp)|wn [P da
n=oo \2 p+1/ Jrwvy(o-z,)

Coo < Ino(w)

(3.43)

1 1
= hminf(f — 7> / P(z)|u, [P da
n—eo \2 p+1/ Jrpmg

—

= liminf (7 (u,)

n— oo 2

<I_l(un)7un>) =
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we get a violation of the Lemma 3.1. Thus u # 0. As seen earlier, we have that
I(|u]) = I(u) which yields u > 0 a.e. in Q°. However, by the Appendix we conclude that
u > 0 a.e. in Q°. This proves the existence of a positive ground state solution to (P). O

3.1. Existence of infinitely many solutions. To begin with, we refer to the symmetric
mountain pass theorem which is given in Colasuonno-Pucci [6, Theorem 2.2].

(PS) condition is satisfied by I: Suppose (u,) is a sequence such that I(u,) — ¢ and
I'(u,) — 0 as n — co. This implies that (uy,) is bounded in Hg.. Therefore there exists
a subsequence, still denoted by (u,,), such that

Up — uin He,

3.44
u, — win L7(Q°), 1<r<2;. (3.44)

Consider the following.
o(1) = (I'(up), un — u)
= (Up, Uy, — U) — / P(:E)|un|p*1un(un —u)dx — )\/ |un\*7*1un(un —u)dx
c Q

= [lunll® = fJul® + o(1)
(3.45)

where we have also used the Appendix. Therefore u, — u in Hg..
It is well known that if X is a Banach space then we have that

X =Px;
i>1
where X; = span{e;};>;. Define
Ym= P X, Z.=EPX;
1<5<m j>m

Clearly, Y,,, is a finite dimensional subspace of X, for each m. Let X = H&.. Due to the
equivalence of any two norms in Y,,, we have

- 1 A 1
I(u) = Sllullfs, — ——— ul'Vde — —— P(z)|uf"*dz
2 HQC 1— 5. p + 1 He.
AC Q ~O Q (346)
1 2 3 1—v P 4 p+
< Sl — 2l - Dbyt <o.

Thus for any finite dimensional subspace X C H§., there exists a sufficiently large ro =
7(X) for which we have I(u) < 0 whenever |lu|| > 7. Hence, by the symmetric Mountain
pass theorem there exists an unbounded sequence of critical values of I characterized by
a minimax argument. From Remark 2.5 it follows that the problem in (P’) possesses
infinitely many solutions. Therefore, the problem (P) also has infinitely many solutions.

3.2. Boundedness of any solution to (P). The idea used here is a usual one that
appears in most literatures and hence we will only mention that an improvement of
integrability is possible up to L*° assuming integrability of a certain order, say p. The
boundedness will follow from a bootstrap argument. Without loss of generality we consider
the set Q' = {x € Q¢ : u(x) > 1} and thus from positivity of a fixed solution, say u, we
have u = ut > 0 a.e. in Q. Let u € L?(Q°) for 8> 1. On testing with u” we obtain the
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following:

1
§<u,u5> —|—/ uPtdz

_ _ +1)2
= (A wl? de_|_/ wP~ By L

1 2
< ()\/ lulP (1 + |u|p71)dx)%; since in ' we have u > 1 (3.47)
Q/
1 2
< (/\/ ‘u|6|u|pdx)m
o 43
< ABC"||u||.||u?||; by Holder’s inequality.
Here t = af‘ip for some a* > 1, t* = NH,VtS < 27_. We further have
C'llu? (2. < C'flu"F |12
2
M— o
= / |z —y[V2e ey
So, from (3.47) and (3.48), we get the following:
C'u?|2. < ABC” [l |- (3.49)

For the fixed a® > 1 so chosen, we set n = ‘;—t > 1 for a suitable choice of ¢t and 7 =t to
get

lullyr < (BC)T ull- (3.50)
where C' = AC"||u||%. is a fixed quantity for a fixed solution u. Let us now iterate with
To =t, Tpy1 = N7 = 0" 1t. After n iterations, the inequality (3.50) yields

t

P i
rer SCETTT(E) ™l (3.51)
=0

lu

By using the fact that 7 > 1 and the iterative scheme, i.e., 7o = t, T,41 = 77, = 7" 1t,
we get

and

Therefore, passing to the limit in (3.51) as n — oo, we obtain

2

lulloe < CTT7T7 [[ull,. (3.52)
Thus u € L™(02°).
4. APPENDIX
‘We now claim that

lim | ™7t vde = / lu| =7 tuvdr < oo (4.53)
Qc

n—+00 e

for v with bounded support.

Proof of the claim: The proof follows verbatim the one in [16].
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