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ONE-DIMENSIONAL SCHRÖDINGER OPERATORS

WITH GENERAL POINT INTERACTIONS

J. F. BRASCHE AND L. P. NIZHNIK

To Myroslav Lvovych Gorbachuk on the occasion of his 75th birthday

Abstract. We consider various forms of boundary-value conditions for general one-

dimensional Schrödinger operators with point interactions that include δ– and δ′–
interactions, δ′– potential, and δ– magnetic potential. We give most simple spectral
properties of such operators, and consider a possibility of finding their norm resolvent

approximations.

1. Introduction

One important problem in the theory of singular perturbations of a Schrödinger ope-
rator is to construct non–trivial self–adjoint operators that describe interactions on a set
Γ of Lebesgue measure zero [3, 4, 27]. The most studied case is the one where Γ consists
of isolated points. In this case the corresponding interaction is called point interaction
and leads to solvable models in quantum mechanics [3, 4].

For an arbitrary closed set Γ of Lebesgue measure zero, the Schrödinger operator with

interaction on Γ is defined as a self-adjoint extension of the minimal operator − d2

dx2
defined on functions in the space C∞0 (R \Γ) [3, 4, 9, 31]. In some cases, other definitions
of the Schrödinger operator with interaction on Γ are possible. Such definitions are
given in terms of certain boundary conditions [3, 4], singular perturbations [4, 5, 14, 18],
quadratic forms [1, 16], construction of BVS [15, 26, 27], and other methods [2, 10, 11,
12, 13, 30, 32, 34]. If Γ is endowed with a Radon measure, then Schrödinger operators
with interactions on Γ can be defined using analogues of the usual boundary conditions
on Γ [9, 17, 31].

In this paper, we give various forms of boundary-value conditions for general one-
dimensional Schrödinger operators with point interactions. The classification of point
interactions for a one–dimensional Schrödinger operator is briefly given in Section 2.

In Section 3, we consider simplest spectral properties of Schrödinger operators with
δ− and δ′– interactions, δ′– potential, and δ– magnetic potential.

In Section 4, we discuss a possibility to find a norm resolvent approximation for a
Schrödinger operator with general point interactions.

2. Point interactions

The one-dimensional Schrödinger operator that describes a one-point interaction in a
point x0 is a self-adjoint operator in the space L2(R) and, for x 6= x0, is given by the

differential expression − d2

dx2 . The maximal domain of the operator − d2

dx2 for x 6= x0 is the
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Sobolev space W 2
2 (R \ {x0}). For functions ϕ, ψ ∈W 2

2 (R \ {x0}), we have the Lagrange
formula

(2.1) (−ψ′′, ϕ)L2
− (ψ,−ϕ′′)L2

= ω(Γψ,Γϕ),

where the boundary form ω is defined on the space E4 of boundary values of the func-
tions ψ and ϕ,

Γψ = col (ψ(x0 + 0), ψ(x0 − 0), ψ′(x0 + 0), ψ′(x0 − 0)) ∈ E4,

by the formula

ω(Γψ,Γϕ) = ψ′(x0 + 0)ϕ̄(x0 + 0)− ψ(x0 + 0)ϕ̄′(x0 + 0)

−ψ′(x0 − 0)ϕ̄(x0 − 0) + ψ(x0 − 0)ϕ̄′(x0 − 0).(2.2)

Self-adjoint restrictions of the maximal operator are defined by domains in terms of
the corresponding boundary data that make a Lagrangian plane in the space E4; it is
a maximal subspace on which the boundary form satisfies ω(Γψ,Γψ) = 0. Since the
boundary form (2.2) can be represented as

(2.3) ω(Γψ,Γϕ) = (Γ1ψ,Γ2ϕ)E2 − (Γ2ψ,Γ1ϕ)E2 ,

where Γ1ψ = col (ψ′(x0 + 0),−ψ′(x0 − 0)), Γ2ψ = col (ψ(x0 + 0), ψ(x0 − 0)), the gene-
ral self-adjoint boundary conditions are given by a unitary matrix U operating on the
space E2,

Γ1ψ + iΓ2ψ = U(Γ1ψ − iΓ2ψ).(2.4)

The matrix U uniquely parametrizes the Lagrangian planes. This gives rise to a Schrö-
dinger operator AU in the space L2(R) with domain consisting of all functions in the
space W 2

2 (R \ {x0}) satisfying boundary condition (2.4) and AUψ = −ψ′′(x), x 6= x0.
The Schrödinger operator AU that describes a point interaction in the point x0 is charac-
terized with the matrix U . The description of all self-adjoint restrictions of the maximal
operator in terms of boundary conditions (2.4) may also be obtained from abstract BVS-

theory [26]. If the matrix U =

(
0, −1,
−1, 0

)
, that is, the boundary conditions have

the form

(2.5)
ψ(x0 + 0) = ψ(x0 − 0),

ψ′(x0 + 0) = ψ′(x0 − 0),

then there is no interaction in x0. The boundary conditions (2.5) are called trivial.
The conditions (2.4) contain split boundary conditions of the form

(2.6)
ψ(x0 + 0) cosα+ − ψ′(x0 + 0) sinα+ = 0,

ψ(x0 − 0) cosα− − ψ′(x0 − 0) sinα− = 0,

where α± ∈ (−π2 ,
π
2 ]. These boundary conditions define a non-transparent interaction in

the point x0. The conditions (2.6) correspond to a self-adjoint Schrödinger operator A
in the space L2(R) = L2(−∞, x0) ⊕ L2(x0,+∞). This operator can be decomposed
into the direct sum A = A1 ⊕ A2 of self-adjoint operators A1 and A2 acting in the
spaces L2(−∞, x0) and L2(x0,+∞) that correspond to the boundary conditions (2.6) in
the points x = x0 − 0 and x = x0 + 0, respectively.

A converse statement also holds true. If a self-adjoint Schrödinger operator A describes
a one point interaction and admits a representation as a direct sum, A = A1⊕A2, then the
functions in its domain satisfy the boundary conditions (2.6) with some real numbers α±.

The boundary conditions (2.4) split if and only if the unitary matrix U is diagonal, U =
diag (e2iα+ , e−2iα−). In this case, the boundary conditions (2.4) are equivalent to the
conditions (2.6).
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The one-dimensional Schrödinger operator corresponding to point interactions on a
finite set X = {x1, . . . , xn} is a self-adjoint operator in the space L2(R) and an extension
of the minimal operator Lmin,X defined on the space C∞0 (R \ X) by Lmin,Xϕ(x) =
−ϕ′′(x) [3, 4]. All such self-adjoint extensions are described by Lagrangian planes in the
Euclidean space E4n of boundary data for the functions ψ ∈ W 2

2 (R \ X). This leads
to self-adjoint boundary conditions given by unitary matrices acting on E2n. Localized
self-adjoint boundary conditions have the form of (2.4) in every point xk ∈ X, whereas
localized indecomposable boundary conditions have the form [3]

(2.7) col (ψ(xk + 0), ψ′(xk + 0)) = Λkcol (ψ(xk − 0), ψ′(xk − 0)),

where the transmission matrices Λk can be written as Λk = eiηkRk, where Rk is a real
matrix, and detRk = 1, ηk is a real constant.

The boundary form (2.2) can be represented equivalently as

(2.8) ω(Γψ,Γϕ) = (Γ̂1ψ, Γ̂2ϕ)E2
− (Γ̂2ψ, Γ̂1ϕ)E2

,

where

(2.9) Γ̂1ψ = col (ψ′s, ψs), Γ̂2ψ = col (ψr,−ψ′r),

(2.10)
ψs = ψ(x0 + 0)− ψ(x0 − 0); ψ′s = ψ′(x0 + 0)− ψ′(x0 − 0);
ψr = 1

2 [ψ(x0 + 0) + ψ(x0 − 0)]; ψ′r = 1
2 [ψ′(x0 + 0) + ψ′(x0 − 0)].

By (2.8), general self-adjoint boundary conditions in the point x0 are defined with a

unitary matrix Û acting on the space E2 and have the form

(2.11) Γ̂1ψ + iΓ2ψ = Û(Γ̂1ψ − iΓ2ψ).

The matrices Û and U in the boundary conditions (2.4) and (2.11) are connected with
each other via the relations

Û = (3CtrUC + 1)(3 + CtrUC)−1,

U = C(3− Û)−1(3Û − 1)C∗,

where C = 1√
2

(
1 −i
1 i

)
is a unitary matrix.

Among one-point interactions, the following four cases are important.

1) The δ– interaction, or δ– potential, with intensity α is defined by the boundary
conditions

(2.12) ψs(x0) = 0, ψ′s(x0) = αψr(x0),

where x0 is the interaction point. In this case, the Λ-matrix in the boundary

conditions (2.7) has the form Λ =

(
1 0
α 1

)
.

2) The δ′– interaction with intensity β is defined by the boundary conditions

(2.13) ψ′s(x0) = 0, ψs(x0) = βψ′r(x0).

In this case, the Λ-matrix in the boundary conditions (2.7) has the form

Λ =

(
1 β
0 1

)
.

3) The δ′– potential with intensity γ is defined by the boundary conditions

(2.14) ψs(x0) = γψr(x0), ψ′s(x0) = −γψ′r(x0).

An equivalent form of the boundary conditions (2.14) is ψ(x0 + 0) = θψ(x0− 0),

ψ′(x0 + 0) = θ−1ψ′(x0 − 0), where θ =
2 + γ

2− γ
. In this case, the matrix Λ in the

boundary conditions (2.7) is Λ =

(
θ 0
0 θ−1

)
.
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4) The δ– magnetic potential with intensity µ is defined in terms of the boundary
conditions

(2.15) ψs(x0) = iµψr(x0), ψ′s(x0) = iµψ′r(x0),

where i is the imaginary unit. An equivalent form of the boundary condi-
tions (2.15) is ψ(x0 + 0) = eiηψ(x0 − 0), ψ′(x0 + 0) = eiηψ′(x0 − 0), where
µ
2 = tan η

2 . In this case, Λ in the boundary conditions (2.7) is a multiple of the

identity matrix, Λ = eiηI.

To explain the names and the physical meaning of the four types of interactions listed
above, consider at first the formal Schrödinger operators L

(2.16) L = − d2

dx2
+ εδ(j)(x− x0), j = 0, 1; ε = α, j = 0; ε = γ, j = 1,

the expression Lψ can be defined in the sense of distribution theory for functions ψ ∈
W 2

2 (R \ {x0}).
Indeed, the expression − d2

dx2 on such functions ψ, in the sense of distribution theory,
is given by the expression

(2.17) − d2

dx2
ψ(x) = −ψ′′(x)− δ′(x− x0)ψs(x0)− δ(x− x0)ψ′s(x0).

The product δ(j)(x− x0)ψ(x) is well defined if ψ ∈ C∞(R), that is, the function ψ is
a multiplicator for the Schwartz space C∞0 (R) of test functions. In this case

(2.18)
δ(x− x0)ψ(x) = ψ(x0)δ(x− x0),

δ′(x− x0)ψ(x) = ψr(x0)δ′(x− x0)− ψ′r(x0)δ(x− x0).

The identity (2.18) can be extended as to also encompass discontinuous functions
ψ ∈ C∞(R \ {x0}) by defining the functionals δ(j)(x − x0) by (δ(j)(x − x0), ϕ(x)) =

(−1)jϕ
(j)
r (x0) [4]. Hence, with such a definition, formulas (2.18) hold if all ψ(j)(x0)

in the right-hand sides of formulas (2.18) are replaced with ψ
(j)
r (x0).

If (2.17) and (2.18) are used in (2.16), then the condition Lψ ∈ L2(R) leads to (2.12)
if j = 0 and to (2.14) if j = 1.

Consider now a one-dimensional Schrödinger operator with magnetic field potential a

and potential V , that is, L =
(
i ddx + a

)2
+ V , in the particular case where L = − d2

dx2 +

2ia d
dx + ia′ and a(x) = µδ(x), so that

(2.19) Lµψ = −d
2ψ

dx2
+ 2iaδ(x)

dψ

dx
+ iµδ′(x)ψ(x).

If we use expressions (2.17), (2.18) in (2.19), then imposing the condition on ψ(x) ∈
W 2

2 (R \ {x0}) that the distribution Lµψ is a usual function in L2(R) leads to (2.15).
Hence, the boundary conditions (2.15) describe a magnetic field with the potential a(x) =
µδ(x).

Particular forms of boundary conditions (2.12)–(2.15) can be represented as

(2.20)

(
ψ′s(x0)
ψs(x0)

)
= B

(
ψr(x0)
−ψ′r(x0)

)
,

where ψs, ψ
′
s, ψr, and ψ′r are defined in (2.10). The matrix B =

(
α γ − iµ

γ + iµ −β

)
is self-adjoint and each condition in (2.11)–(2.15) follows from (2.20) by setting three
of the four parameters α, β, γ, µ to zero. For an arbitrary self-adjoint matrix B, con-
ditions (2.20) make a particular case of self-adjoint boundary conditions of form (2.11)

with the unitary matrix Û = (B − i)−1(B + i).
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Note that the boundary conditions (2.20) do not contain all non-splitting self-adjoint
boundary conditions of the form (2.7). In particular, they do not include boundary
conditions of the form

(2.21) ψ′(x0 + 0) = iλ0ψ(x0 − 0), ψ′(x0 − 0) = iλ0ψ(x0 + 0)

with a real constant λ0. The boundary conditions (2.21) describe a point interaction,
in the point x = x0, transparent for the waves eiλx with λ = λ0. In this case, the
function ψ = eiλ0x satisfies the boundary conditions (2.21) and the Schrödinger equation.

Boundary conditions (2.21) have the form (2.7) with the matrix Λ = i

(
0 −λ−10

λ0 0

)
.

Let us also give a relation between the matrix Λ from the boundary condition (2.7)
and the matrix B from the conditions (2.20)

Λ =
1

D

∣∣∣∣∣∣∣∣ θ+ β
α θ−

∣∣∣∣∣∣∣∣ ,
where D =

(
1− i

2
µ
)2
− 1

4
αβ − 1

4
γ2, θ± =

(
1± γ

2

)2
+

1

4
αβ +

1

4
µ2.

The Schrödinger operator LB corresponding to the boundary conditions (2.20) for a
point interaction in the point x0 = 0 can formally be represented with the following
expression containing the Dirac δ-function and its derivative δ′(x):

(2.22) LB = − d2

dx2
+ αδ(x)(·, δ)− βδ′(x)(·, δ′) + (γ + iµ)δ′(x)(·, δ) + (γ − iµ)δ(x)(·, δ′).

Here the differentiation d2

dx2 is understood in the distribution sense, and the functio-

nals (·, δ) and (·, δ′) are defined by (ψ, δ) = ψr(0) = 1
2

[
ψ(+0) + ψ(−0)

]
, (ψ, δ′) =

−ψ′r(0) = − 1
2

[
ψ′(+0) + ψ′(−0)

]
. The domain of the operator LB is defined by the

condition LBψ ∈ L2(R) imposed on the functions ψ [4].

3. Spectral properties of Schrödinger operator with point interactions

Let LX be a Schrödinger operator with point interactions in a finite number of
points {xk}nk=1 = X. The operator LX is a self-adjoint extension, in the space L2(R), of
the minimal symmetric operator Lmin,X with finite deficiency indices. Here, Lmin,Xψ(x) =
−ψ′′(x), if x 6= xk ∈ X, and its domain is D(Lmin,X) =

{
ψ : ψ ∈W 2

2 (R); ψ(xk) =

ψ′(xk) = 0, xk ∈ X} . Since the free Schrödinger operator −∆, D(−∆) = W 2
2 (R), is also

a self-adjoint extension of the operator Lmin,X and the spectrum σ(−∆) = [0,+∞), we
see that the continuous spectum of the operator LX also consists of the positive half-axis.

Proposition 3.1. Let the Schrödinger operator LX describe point interactions on a finite
set X = {xk}nk=1 with locally indecomposable boundary-value conditions (2.7) in every
point xk ∈ X. Then the operator LX does not have any nonnegative eigenvalues.

Proof. Let ψλ 6= 0 be an eigenfunction of the operator LX corresponding to an eigen-
value λ2 ≥ 0. If x /∈ X, then the function ψλ satisfies the equation −ψ′′λ(x) = λ2ψλ(x).
Since ψλ ∈ L2(R), we see that ψλ(x) = 0 to the left and to the right of the set X. If a
function equals zero to the left of a point xk ∈ X, then ψλ(xk − 0) = ψ′λ(xk − 0) = 0.
Using the boundary-value condition (2.7) we see that ψλ(xk + 0) = ψ′λ(xk + 0) = 0. But
then ψλ(x) = 0 for xk ≤ x ≤ xk+1, since ψ′′λ+λ2ψλ(x) = 0. Continuing this construction
by induction starting with k = 1 and ending with k = n we see that ψλ ≡ 0. Hence,
λ2 ≥ 0 can not be an eigenvalue of the operator LX . �

It is well known that a one-dimensional Schrödinger operator with one-point δ– in-
teraction in a point x = x0 with intensity α can have a negative eigenvalue if and only
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if α < 0. In such a case, the eigenfunction is ψ = C exp
(
α
2 |x− x0|

)
and it corresponds

to the eigenvalue λ2 = −α
2

4 .
For Schrödinger operators LX,α with δ– interactions in points xk ∈ X = {xk}nk=1

having intensities αk ∈ α = {αk}nk=1, if the number of point interactions is finite or
countable, there exist effective algorithms for finding the number n−(LX,α) of negative
eigenvalues of the operator LX,α [7, 8, 23, 28, 29, 33]. It is always the case thought
that the number n−(LX,α) of negative eigenvalues does not exceed the number n−(α)
of point interactions having negative intensities αk of the point δ– interactions. There
are also necessary and sufficient conditions for n−(LX,α) = n−(α). In particular, this
is always true if the distances between the point δ– interactions are sufficiently large.
If the δ– interactions occur in two points xl < xr with intensities αl and αr, the equ-
ality n−(LX,α) = n−(α) is true if and only if the distance d = xr − xl between the δ–
interactions satisfies the condition

(3.1) d+
1

αl
+

1

αr
> 0.

Hence, if αl < 0 and αr < 0, then, for d satisfying inequality (3.1), the operator LX,α
will have 2 negative eigenvalues. If condition (3.1) does not hold, then n−(LX,α) = 1.

This property of two-point δ– interaction is generalized to the case where the number
of δ– interactions is finite in [7, 8, 33]. We will formulate this result using the following
notations. Let Xl = {xl,k}n1

k=1 and Xr = {xr,k}n2

k=1 be two finite sets of points of the
real line. All points of the set Xl are located to the left of points of the set Xr. We
also assume that the points of the sets Xl and Xr are indexed so that the distances
between the points is increasing. The distance d between the sets Xl and Xr is defined
by d = xr,1 − xl,1. Let αl = {αl,k}n1

k=1 and αr = {αr,k}n2

k=1 be real nonzero numbers,
and LXl,αl

and LXr,αr
be two Schrödinger operators with δ– interactions on the sets Xl

and Xr having intensities αl and αr, correspondingly, and let LX,α be a Schrödinger
operator with δ– interaction in points of the set X = Xl∪Xr with intensities α = αl∪αr.

Proposition 3.2. For

(3.2) n− (LX,α) = n− (LXl,αl
) + n− (LXr,αr )

to hold, it is necessary and sufficient that the distance between the sets Xl and Xr satisfy
the condition

(3.3) d(Xr, Xl) +
1

α̃l
+

1

α̃r
> 0,

where α̃l and α̃r are equivalent intensities for (Xl, αl) and (Xr, αr) defined by the fol-
lowing identities (g = r, l):

(3.4) α̃g = αg,1 +
1

|xg,1 − xg,2|+
1

αg,2 +
1

|xg,2 − xg,3|+
1

αg,3 + . . .

where the intensities and the distances between subsequent points of the δ– interactions
enter in turns. If inequality (3.3) ceases to hold, then the left-hand side in (3.2) is less
by 1 than the nonzero right-hand of (3.2).

For a one-point δ′– interaction with intensity β, the Schrödinger operator has a ne-
gative eigenvalue only if β < 0 and λ2 = − 4

β2 . However, as opposed to the case of

δ– interactions, for the Schrödinger operator LX,β with δ′– interactions in points of a
set X = {xk}nk=1 with intensities β = {βk}nk=1, the number of negative eigenvalues,
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n−(LX,β), is always equal to the number n−(β) of negative values of the intensities of
the δ′– interactions,

(3.5) n−(LX,β) = n−(β).

In this connection, let us consider an example of two-point δ′– interaction with negative
intensities βl and βr of the δ′– interactions in points x = xl and x = xr as xr → xl. Such
an example of two-point δ– interaction, due to (3.1), shows that the Schrödinger operator
LX,α will have two negative eigenvalues if d = xr−xl is large. As xr → xl, inequality (3.1)
becomes invalid, and the Schrödinger operator will have a single eigenvalue that, if xr =
xl, will correspond to the total intensity αl + αr. As far as δ′– interaction is concerned,
it follows from (3.5) that, as xr → xl, the Schrödinger operator will always have two
eigenvalues. A simple analysis of the characteristic equation for negative eigenvalues
shows that, as xr → xl, one of the negative eigenvalues approach −∞, and the other
one approaches the eigenvalue that corresponds to a one-point δ′– interaction with total
intensity βl + βr.

Consider now interactions with δ′– potentials in points of the set X = {xk}nk=1 having
intensities γ = {γj}nj=1.

Proposition 3.3. The Schrödinger operator LX,γ with point interactions of δ′– po-
tential type occuring in a finite number of points of the set X = {xj}nj=1 and having
intensities γ = {γj}nj=1 is a positive operator on the space L2(R) and does not have any
eigenvalues.

Proof. Functions ψ,ϕ ∈W 2
2 (R \X) satisfy the Green formula

(3.6) (−ψ′′, ϕ) = (ψ′, ϕ′) +
∑
xk∈X

[
ψ′s(xk)ϕr(xk) + ψ′r(xk)ϕs(xk)

]
.

If ψ,ϕ ∈ D(LX,γ), then the following boundary-value conditions hold: ψ′s(xk) =
−γkψr(xk), ψs(xk) = γkψ

′
r(xk). Hence, (3.6) imply that (LX,γψ,ϕ) = (ψ′, ϕ′), i.e.,

the operator LX,γ is positive. Positive operators can only have nonnegative eigenvalues.
Then, by Proposition 3.1, the operator LX,γ has no eigenvalues. �

Finally, consider the case of point interactions of δ– magnetic potential type.

Proposition 3.4. The Schrödinger operator LX,µ of δ– magnetic potential type with
point interactions in a finite number of points of the set X = {xj}nj=1 and having inten-
sities µ = {µj}nj=1 is unitary equivalent to a free Schrödinger operator.

Proof. The domain of the operator LX,µ consists of all the functions ψ ∈ W 2
2 (R \ X)

that satisfy the boundary-value conditions

(3.7) ψ(xk + 0) = eiηkψ(xk − 0), ψ′(xk + 0) = eiηkψ′(xk − 0), xk ∈ X,
where tan ηk

2 = µk

2 .
Let U be a unitary operator on the space L2(R), which an operator of multiplication

by the function eiω(x), where ω(x) = 0 for x < x1, and ω(x) =
k∑
j=1

ηj for xk < x < xk+1.

If ψ ∈ W 2
2 (R), then Uψ = ψ̂ ∈ D(LX,µ) and LX,µψ̂ = U(−ψ′′). Hence, LX,µ =

U(−∆)U∗. �

4. Norm resolvent approximation

It is well known [3, 4] that a model for point interactions is exactly solvable and can
serve as a good approximation of real Schrödinger operators if the potential v has small
support in a neighborhood of the point x0, that is, v(x) = 0 for |x − x0| > ε, and the
processes under the study have the energy λ2 much less than ε−2. Here it is assumed that,
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for the energies under consideration, the matrix Λε that connects values of solutions ψ of

the Schrödinger equation
[
− d2

dx2
+ v
]
ψ = λ2ψ and their derivatives ψ′(x) for x = x0− ε

and x0 + ε, that is, col (ψ(x0 + ε), ψ′(x0 + ε)) = Λεcol (ψ(x0 − ε), ψ′(x0 − ε)), is close to
the matrix Λ that defines the boundary conditions (2.7) for the point interaction. Thus
the Schrödinger operator with point interaction can be considered as a limit (in a certain
sense, e.g., in the sense of uniform resolvent convergence), as ε → 0, of Schrödinger
operators with the potentials vε(x) with Λε → Λ for ε → 0. Here, the potentials vε(x)
themselves may or may not have a limit as ε → 0 even in the sense of distributions. It
can happen that their limit values, even if they exist, do not determine the character and
the intensity of the point interaction.

Let us look at this phenomenon in greater details for the case of δ′– potentials; this
case was considered in a number of papers [2, 6, 19, 20, 21, 22, 24, 25, 35, 36, 37, 38,
39, 40, 41]. For a model of δ– potentials with intensity α, one can take a sequence of
regular potentials vε(x)→ αδ(x) with ε→ 0, for example, vε(x) = αε−1ϕ(xε ), where the

compactly supported function ϕ is such that
∫
ϕ(x) dx = 1. More complex potentials

can be well modeled on small intervals by a sum of several δ-functions

(4.1) vε(x) =

n∑
j=1

αj(ε)δ(x− xj(ε)),

where all xj(ε) → x0 for ε → 0. It is shown in [7] that the δ′– interaction is well
modeled with three approaching δ-functions that have special opposite sign increasing
intensities αj(ε)

vε(x) = βε−2δ(x)− ε−1(1 + 2εβ−1)−1[δ(x+ ε) + δ(x− ε)].

When modeling a δ′– potential of intensity γ, the number of terms in representation (4.1)
depends on the conditions to be satisfied. Since the matrix Λ in the boundary con-
ditions (2.7) is diagonal for the δ′– potential of intensity γ, there are two necessary
conditions on the elements of the matrix Λε

1) lim
ε→ 0

(Λε)2,1 = 0,

2) lim
ε→ 0

(Λε)1,1 =
(

1 + γ
2

)(
1− γ

2

)−1
.

These two conditions can be satisfied with two terms in approximation (4.1)

(4.2) vε(x) = α1ε
−1δ(x) + α2ε

−1δ(x− ε),

where α1 + α2 + α1α2 = 0, α1 = γ
(

1− γ
2

)−1
, α2 = −γ

(
1 + γ

2

)−1
.

Here, the potentials vε do not have a limit as ε → 0 in the sense of distributions. In
this case, the matrix Λε can be written as a product of three matrices Λε = Λ2Λ0

εΛ1,

where Λj =

(
1 0

αjε
−1 1

)
, j = 1, 2, Λ0

ε =

(
cosλε sinλε

λ
−λ sinλε cosλε

)
. These matrices give

a relation between the solutions ψ(x) of the Schrödinger equation

− d2

dx2
ψ + vεψ = λ2ψ

and its derivatives ψ′(x) in different points x

col (ψ(+0), ψ′(+0)) = Λ1col (ψ(−0), ψ′(−0)),

col (ψ(ε− 0), ψ′(ε− 0)) = Λ0
εcol (ψ(+0), ψ′(+0)),

col (ψ(ε+ 0), ψ′(ε+ 0)) = Λ2col (ψ(ε− 0), ψ′(ε− 0)).
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Using the explicit form of αj we get

Λε =

(
1 + α1 0

0 1 + α2

)
+O(ε), lim

ε→0
Λε =

(
θ 0
0 θ−1

)
,

where θ =
2 + γ

2− γ
. Hence, the limit Schrödinger operator corresponds to a point interac-

tion having δ′– potential of intensity γ.

Proposition 4.1. The Schrödinger operator − d2

dx2 + vε(x), where the potential vε(x)
is given by (4.2), converges, as ε → 0, with respect to the norm of the resolvent to the
Schrödinger operator L{0},γ with point interaction of the δ′– type potential of intensity γ.

Proof. Let us show that if z, Im z 6= 0, is fixed and ε→ 0, then

(4.3)
∣∣∣∣∣∣[− d2

dx2
+ vε(x)− z

]−1
− [L{0},γ − z]−1

∣∣∣∣∣∣→ 0.

The functions ϕ ∈ D(Lmin) = {ϕ : ϕ ∈ W 2
2 (R), ϕ(0) = ϕ′(0) = ϕ(ε) = ϕ′(ε) = 0}

belong to domains of both the operators L1 = L{0},γ and L2 = − d2

dx2 + vε(x). Hence,
the resolvents of the operators L1 and L2 coincide on R = (L1 − z)D(Lmin). Since the
dimension of the orthogonal complements N = L2 	R is 4, to prove (4.3) is is sufficient
to show that ||(L1− z)−1h− (L2− z)−1h|| → 0 as ε→ 0 for any h ∈ N. The subspace N
consists of the functions h that are solutions of the equation −h′′(x)− zh(x) = 0 for x 6=
0, ε. For the sake of definiteness, assume that z = 2i and

√
z = 1 + i. Then one of the

functions h ∈ N is of the form h(x) = θ(−x)e(1+i)x. Define ψj = (Lj − z)−1h j = 1, 2.
The functions ψj are solutions of the equations (Lj − z)ψj = h and, hence, they admit
the following representations:

(4.4)

ψ1(x) =
i

4
h(x) + θ(−x)C

(1)
− e(1−i)x + θ(x)C

(1)
+ e−(1−i)x,

ψ2(x) =
i

4
h(x) + θ(−x)C

(2)
− e(1−i)x + θ(x− ε)C(2)

+ e−(1−i)(x−ε)

+ χ[0,ε](x)
[(
C

(2)
− +

i

4

) sin(1− i)(ε− x)

sin(1− i)ε
+ C

(2)
+

sin(1− i)x
sin(1− i)ε

]
,

where χ[0,ε](x) is the indicator function for the line segment [0, ε], that is, χ[0,ε](x) = 1

if x ∈ [0, ε] and χ[0,ε](x) = 0 if x /∈ [0, ε]. The constants C
(j)
± , j = 1, 2, that enter (4.4)

can be found from the condition that ψj belong to domains of the operators Lj . The con-
dition ψ1 ∈ D(L{0},γ) leads to the boundary-value conditions (2.14) for the δ′– potential,
which make the following system:

(4.5) col
(
C

(1)
+ , −(1− i)C(1)

+

)
= Λcol

( i
4

+ C
(1)
− ,
−1 + i

4
+ (1− i)C(1)

−

)
.

The condition ψ2 ∈ D
(
− d2

dx2 +vε

)
leads to a system for C

(2)
− and C

(2)
+ similar to (4.5) with

the matrix Λ replaced with Λε = Λ+O(ε) and C
(1)
± with C

(2)
± . Hence, |C(2)

+ −C
(1)
+ |+|C

(2)
− −

C
(1)
− | ≤ k ·ε. Using an explicit form of ψj in (4.4) we see that ||ψ2−ψ1||L2 → 0 as ε→ 0.

The cases where h(x) = θ(x− ε)e−(1+i)x and h(x) = χ[0,ε](x)[Ae(1+i)x + Be−(1+i)x] are
treated similarly. �

One can additionally require that vε(x) → κδ′(x) in (4.1) as ε → 0. This can be
achieved if we take

(4.6) vε(x) = α1ε
−1δ(x+ ε) + α2ε

−1δ(x) + α3ε
−1δ(x− ε)

in (4.1), where α2 = ±2γ[γ2 − 4]−
1
2 , α1 = γ

2 −
α2

2

(
1 + γ

2

)
, α3 = −γ2 −

α2

2

(
1− γ

2

)
.
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In the limit as ε → 0, the Schrödinger operators with the potentials vε(x) of the
form (4.6) define point interaction of δ′– potential type with intensity γ, and the limit
vε(x) → κδ′(x) exists in the distribution sense, where the constant κ = α1 − α3 =

γ
(

1 − α2

2

)
depends on the choice of the sign of α2 and, consequently, it does not de-

termine the intensity γ. Moreover, considering an expression of the form (4.1) for the
potentials vε(x) with four terms

(4.7) vε(x) = α1ε
−1δ(x) + α2ε

−1δ(x− ε) + α3ε
−1δ(x− 2ε) + α4ε

−1δ(x− 3ε),

where α1 = −1, α2 = 6, α3 = −3, α4 = −2 we obtain lim
ε→0

vε(x) = 6δ′(x) in the sense

of distributions. On the other hand, it is easy to see that lim
ε→0

Λ3ε = I, that is, if ε→ 0,

the Schrödinger operators with potentials (4.7) converge to a free Schrödinger operator.
By taking α1 = α4 = 3, α2 = α3 = −3 in (4.7), we have vε(x)→ 0 and the Schrödinger
operators converge to a direct sum of operators on the spaces L2(−∞, 0) and L2(0,+∞)
corresponding to the Dirichlet conditions ψ(±0) = 0.

Let us remark that if the Schrödinger operators have potentials in the form of (4.1),
then the kernels of the resolvents for these operators can be written explicitly similarly
to the case of the limit Schrödinger operator. This yields that these operators converge,
as ε → 0, in the sense of uniform resolvent convergence. The above conclusions about
Schrödinger operators with potentials (4.1) remain also true if vε are piecewise constant
or even vε ∈ C∞0 (R) if they can well approximate each term in (4.1).

Let us also make a remark on one more feature of point interactions. If the sup-
port of the potential vε(x) belongs to the interval (−ε, ε) and its components v−ε (x) =
θ(−x)vε(x), v+ε (x) = θ(x)vε(x), where θ is the unit Heaviside function, determine point
interactions with the corresponding matrices Λ− and Λ+, as ε → 0, then the poten-
tial vε(x) also gives rise to a point interaction, as ε → 0, with the matrix Λ = Λ+Λ−.
This leads to additivity of intensities α and β for δ- and δ′– interactions, since they cor-
respond to triangular matrices Λ−, Λ+, Λ. For point interactions with δ′– type potentials
and δ– magnetic potentials, the intensities γ and µ do not have such an additivity proper-
ty. Here, if γ− and γ+ are intensities of δ′– potentials corresponding to v−ε and v+ε , then

the total intensity γ is found as γ = (γ− + γ+)
(

1 + 1
4γ−γ+

)−1
. Thus, for point interac-

tions with δ′– type potential and δ– magnetic potential, the “additive” characteristics of
the intensities are useful. The additive characteristic ξ for δ′– potential with intensity γ
are defined by the identities 2+γ

2−γ = ±eξ± , where the sign “+” is taken if |γ| < 2 and we

take the sign “−” if |γ| > 2. A more exact definition of additive characteristic for point
interactions with δ′– potential is the following. Additive characteristic is a pair (ξ, s)
consisting of the number ξ and the sign s = ±1. As two-point interactions with δ′– po-
tentials having characteristics (ξ1, s1) and (ξ2, s2) approach, the total characteristic (ξ, s)
is found as (ξ, s) = (ξ1 + ξ2, s1 · s2), which corresponds to the above “adding” rule for
the intensities γ− and γ+.

For a point interaction with δ– magnetic potential of intensity µ, the Λ-matrix in the
boundary condition (2.7) is a multiple of the identity matrix, Λ = eiηI. Hence, it is
convenient to take the number η to be an “additive” characteristic of the δ– magnetic
potential. There is a relation between µ and η, µ = 2 tan η

2 . For two approaching point
interactions with δ– magnetic potentials having characteristics η1 and η2, the correspond-
ing total characteristic is η = η1 + η2.

Remark 4.1. A general one-point interaction in a point x0 with indecomposable boun-
dary condition (2.7) can be obtained by the limiting process of contracting the interaction
points to the point x0, of not more than 4 simple point interactions of δ– , δ′–interactions,
δ′– potential, and δ– magnetic potential type.
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This follows from the possibility of representing an arbitrary matrix Λ in (2.7) as a
product of 4 simplest matrices Λ in (2.12)–(2.15). In particular, the matrix Λ in (2.21)
can be represented as

i

(
0 −λ−10

λ0 0

)
= iI ·

(
1 0
λ0 1

)
·
(

1 −λ−10

0 1

)
·
(

1 0
λ0 1

)
.

It is not true that if the Schrödinger operators − d2

dx2 + vε(x) converge, as ε → 0,
to a Schrödinger operator with point interaction of a certain type then the opera-

tors − d2

dx2 + kvε(x), where k 6= 1 is an arbitrary real constant, also converge to a
Schrödinger operator with point interaction of the same type. In the general case, this
is true only for δ– potential. It is shown in [24, 25] that, for special approximations of

kδ′-functions where vε = kε−2ψ
(
x
ε

)
,
∫
ψ(x) dx = 0,

∫
xψ(x) dx = −1, the Schrödinger

operators have a limit that defines a point interaction of δ′– potential only for special
“resonance” values of k.

For potentials in (4.1), which give norm resolvent convergence, as ε → 0, to a one
point δ′–interaction or δ′– potential there can exist only a finite number of resonance
values k ≤ n− 1, and this number depends on the choice of αj(ε) in (4.1).
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