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ON «-REPRESENTATIONS OF A CLASS OF ALGEBRAS WITH
POLYNOMIAL GROWTH RELATED TO COXETER GRAPHS

N. D. POPOVA AND A. V. STRELETS

ABSTRACT. For a Hilbert space H, we study configurations of its subspaces related
to Coxeter graphs Gg, 55, 1,2 € {4, 5}, which are arbitrary trees such that one edge
has type s1, another one has type s and the rest are of type 3. We prove that such
irreducible configurations exist only in a finite dimensional H, where the dimension
of H does not exceed the number of vertices of the graph by more than twice. We
give a description of all irreducible nonequivalent configurations; they are indexed
with a continuous parameter. As an example, we study irreducible configurations
related to a graph that consists of three vertices and two edges of type s1 and sa.

0. INTRODUCTION

Let H be a Hilbert space and H; C H, ¢ = 0,...,n — 1, be a set of its subspaces.
Many publications (see [6, 2, 1, 4, 12, 3, 5] and others) are dedicated to an investigation
of systems of subspaces,

S = (H, Ho, PN 7/Hn71)-

For any system of subspaces S we can introduce a set of orthogonal projections {F;},
1 =0,...,n—1, where P; denotes an orthogonal projection on the Hilbert subspace H;
of the Hilbert space H.

A system of subspaces S = (H; Ho, - . ., Hn—1) is called a simple system if all subspaces
are different and for any pair of subspaces H; and H;, ¢ # j, following relations hold:

(1) ‘PZPJ‘PZ = Tij,PZ‘ and PJPZPJ = Tjin,
where
T
0<Tij:Tji:C08261'j<1 (0<0ij<§)7

or the subspaces H; and H; are orthogonal, i.e.,
T
2
For more details about simple systems of subspaces see the review [11].

A more general class of systems of subspaces is a class of systems such that for any
pair of subspaces H; and H;, i < j, one of following relations hold:

mi;—1 m;j;—1
(3) Il (PP —7kP)=0 and [ (PP.P;—7}P;) =0,
k=0 k=0
or
mi;—1 m;—1
(4) I (PP —7fiP)P;=0 and ][ (P;RP;—7P;) Pi=0,
k=0 k=0
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where
miy €N, 0<rh=co’0f <1 (0<O<3) 0<k<my—1,
or the subspaces H; and H; are orthogonal, i.e.,
(5) PP, =PP,=0 (0= g).
Suppose that 7'5-1 = Tikf, k1 # ko. Let us show that relations (3) imply the following

relations:

mi;—1 mi;—1

k k

(6) Il (PP —7fP)=0 and [ (PP.P;—7fP;) =0,

k=0 k=0

ks kZks

and relations (4) imply the relations

mi;—1 mi;—1
(7) Il (BPP—7iP)P;=0 and [[ (PPP;—75P;) Pi=0.
Rz Z

Indeed, if the first equality of relations (6) does not hold, then there exists a vector y € H
such that

mijfl
zZ= H (PP P; = 75P;) y #0,
Kion
then
mijfl mijfl
(z,2)=( [[ (BPP=7kP)y, [ (PPP—75P)y)
kk;é)z kk;é:lgg
mijfl mijfl
=( [[ PP —7P)y, [[ (BPP—7fP)y) =0,

k=0 k=0
k£ko
Ktk

which contradicts to z # 0. The rest of equalities of relations (6) and (7) can be proved
in the same way.
Taking into account the above, we will assume that

ij—1
1>T?J->TZ-1J->-~->TZLJ > 0.

Moreover, in the case of m;; =1 and Tioj = 1, relations (3) imply H; = H;. This case will
be excluded from our consideration. So it will be supposed that 0 < Tioj < 1 considering
relations (3) in the case where m;; = 1.

For further considerations it will be suitable to determine mj; and T]’% in the case
where i < j and 0 < k < m;; — 1 by equalities m;; = m;; and Tﬁ = Tl’;

It is convenient to represent considered systems with finite non-oriented Coxeter
graphs G = (V, R) without multiple edges and loops (here V' = {0,...,n — 1} is the
set of vertices of the graph and R = {v;; = 7;,;} is the set of edges of the graph which
are split into the types R = URg, s € N, s > 3) and a mapping f which maps edges
of the graph into polynomials f : R — R[x]. More precisely, each vertex i of the graph

corresponds to a subspace H; and vertices ¢ and j are connected with an edge 7;; having
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type s = 2m;; + 1 or s = 2(m;; + 1) if and only if condition (3) or (4), correspondingly,
holds for the subspaces H; and H;,
mij—1
fiovig e fig(x) = H (z —755)
k=0
in the first case and X

fryig = fig(@) =2 H (z —7f5)
k=0

in the second one. If the subspaces H; and H; are orthogonal, the vertices are not
connected. It can be supposed that such “missed edges” have type 2 and the related
mapping f maps these “edges” into the polynomials f;;(z) = .

Note that relations (3) can be rewritten as

fij(PiP;)P; =0, fi;(PjP)P; =0,
and relations (4), (5) can be rewritten in the following form:
fij(PiPy) =0,  fi;(PjP;) = 0.

Moreover, after opening the parentheses, the left-hand side of each equation in rela-
tions (3) and (4) will be a linear combination of products of the projections P; and P;,
and type s will be equal to the length of the longest product in the linear combination.

Evidently, the considered systems of subspaces are *-representations, in Hilbert spaces,
of x-algebras

TLg,j,1 = C(po,....pn1|p} =p; =pi, i € V;
fig(pipi)p; 7 =0, fij(pjpi)p;? =0,i#j€V),
here o;; = 1 if the type of the edge is an odd number and o;; = 0 otherwise. The
equality H; = Im 7(p;), i € V, gives a correspondence between the class of systems of
subspaces, S = (H;Ho, ..., Hn—1), and xrepresentations 7 of the x-algebras T'Lg ¢, in
the Hilbert space H.

In papers [9, 10, 8], the algebras defined above have been denoted by T'Lg, 4, 1 , where
g is also a mapping from the set of edges into the set of polynomials defined in such a
way that fi;(z) = a™i =%t — g, ().

It was shown in [9] that the algebra T'Lg s | is finite dimensional if and only if the
graph G is a tree and the number of edges that have the type grater than 3 is less or
equal to one; the algebra is infinite dimensional and has polynomial growth if and only
if the graph G has one cycle and all its edges have type 3, or the graph G is a tree
and the type of any edge is less than 6 and only two of the edges have the type greater
than 3. %-Representations of finite dimensional algebras have been studied in paper [10].
In paper [8] there have been studied x-representations of algebras that have polynomial
growth and two edges of the related Coxeter graph have type 4. In the present paper,
we consider algebras that have polynomial growth and at least one edge of the related
Coxeter graph has type 5.

By Gs, sy, S1,82 € {4,5}, we denote a Coxeter graph such that it is a tree and its
edges have type 3 except for two edges the types of which are s; and ss.

In the first section we will show that any irreducible *-representation of the alge-
bra T'Lg,, ., f1 is finite dimensional, moreover, a strict estimation of the dimension will
be obtained (Theorem 8).

In the second section we will prove three simple propositions which describe pairs of
orthogonal projections on a finite dimensional Hilbert space connected with edges of type
3, 4 or 5.
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In the third section we will provide a procedure which allows to construct irreducible -
representations 7, on Hilbert spaces H,, where v is a parameter with the values chosen in
such a way that some sesquilinear form is nonnegative definite (Lemma 14). For different
values of v, the related *-representations are unitarily nonequivalent (Proposition 15).

In the forth section it will be shown that any irreducible proper *-representation is
unitarily equivalent to m, for some v.

In the fifth section we will consider *-algebras related to Coxeter graphs with three

vertices and two edges where the first edge has type 5 and the second one has type 4 or
5.

1. IRREDUCIBLE *-REPRESENTATIONS ARE FINITE DIMENSIONAL

A path of length m in a Coxeter graph G,
l:l(io) :(io,il,...,im), Vir_1,ir ER,

will be called a path without repetitions if iy, # i; for k,5 = 0,...,m, k # j. The path
I = (ip) is considered as a path of length 0 without repetitions, and it is convenient to
consider the path I = () as an “empty” one. For a path I = (ig,i1,...,%m), define [* =
(G tm—1,---,%0)- A union of paths ly = (ig,...,ik—1,1k) and lo = (ig, gty - - -, 4¢) is de-
fined to be the path Iy Uly = (40, ..., %k—1, ik, tk+1, - - -, 9¢). Toany pathl = (ig,1,...,im),
we make correspond the product II; = p;, ...p;,, in the algebra, to the “empty” path,
we set II; = e.

To be specific let us enumerate vertices of the Coxeter graph G, s, such that edge o 1
has type s1, Ym—1,m has type sp and the vertices 1 and m — 1 are connected by the path

I=(1,2,...,m—1).
All vertices of the graph can be naturally splitted into three parts
V=WuV,u Vm>

where any two vertices of each part are connected with a path which consists of type 3
edges only.

Denote by N the set of all paths [ such that II; is a normal word and denote by N
the set of all paths I € A which end at vertex i. For normal words, Groebner bases,
the composition lemma, we refer to e.g. [13]. For the algebra T'Lg ¢, 1, normal words are
precisely the words that do not contain, as subwords, the leading words of the defining
relations of the algebra T'Lg y,1, see [9]. That is, a normal word should not contain, as
subwords, the following words:

pi€V;
pipj, Pipi, if vij € R;
(pipj)kpg’, (pjpi)kp?, if vj;€Rs, s=2k+02>3, o€{0,1}.

Let m: T'Lg,, .,.f.L — B(H) be a xrepresentation of the algebra T'Lg
note H; =ImP;, i € V.

origofole De-
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Proposition 1. Let 0 # x; € H;. Then the closure of the linear span of the wvec-
tors {m(I;)x; }ien, is invariant with respect to .

Proof. Indeed, either the product p;II; is equal to 0 or p,;II; = II;,, where the path " ends
at the vertex i. In the second case, either I’ € N; or Iy = }~,, AL, where I” € N;.
Actually, it follows from the relations in the algebra that if a normal word ends with p;
then the product of the word by p; on the left is either equal to 0 or it is equal to some

linear combination of words which end with p;. (|
Denote
d— {plv m = 23
- Pm—1Pm—2 | Pm—2Pm-3 . P2p1
Tm—1,m—2 /Tm—2m-3 = /T21’ m > 2’
D = n(d),

b1 = pipopr, Bi=7(b1)|n,,
by = d*pmd, B2 = 7(ba)|,-
It is evident that d*d = p, and dd* = py,_1.
Proposition 2. The following identities hold:
fo1(B1) =0,  fim—1,m(B2) =0.
Proof. Indeed,
0= fo1(PiPo)Pr = fo1(PAPP1)Py,
so fo,1(B1) = 0. Further,
0= fi—1,m(Pm—1Pm)Pm-1
=D*fr—1.m(Pm-1Pm)Pm-1D = frn—1,m(D* Py, D) Py,
which means fi,—1,m,(Bz2) = 0. |
Consider a x-algebra
A=C(ci,c2lc; =¢, for(c1) =0, frn—1,m(c2) =0).

For any #-representation 7 : T'Lg, . r.1 — B(H), we can construct *-representation of
the x-algebra A by the formulas

ﬁ':A—)B(Hl), Cli—)Bl, 620—>B2.

Proposition 3. Irreducible x-representations of the x-algebra A can be one- or two-
dimensional only.

Proof. If deg fo1 = 2, deg frm—1,m = 2 and each polynomial has distinct roots, then the
algebra A is isomorphic to the algebra generated by two orthogonal projections,

Clai, a2 lg; = ai = a})-
It is known that this algebra has one- and two-dimensional irreducible *-representations
only (see, for example, [7]). O

Lemma 4. If a x-representation m is irreducible then the x-representation 7 is irreducible
too.

Proof. Let @ be reducible. Then H; = Hi1 ® Hi2, where Hi; and Hio are nontrivial
invariant subspaces of H; with respect to the #-representation 7. Consider

0#1‘67‘[11, 0#3,/67{12.

By Proposition 1, the closure of the linear span of the set of vectors,
{m(IL)x}ien
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is invariant in respect to 7, then it is equal to H. On the other hand,

(r(M)a,y) = (Pir()Pz,y) = Y Ala(lz,y) =0.

i:lENh[*E./\G
Indeed, if | € Ny,1* € N then either 7(Il;) = P or m(II;) is equal, up to a scalar, to
(P PyP,)’ (D*P,,DP,PyP,)" (D*P,, D)2,

where 01,02 € {0,1}, 7 € NU {0}, and 01 + 02 + 7 > 0. Then n(II;)x € Hy1. So it has
been shown that (z,y) =0 for any z € H. If y € Hia C Hy C H, then (y,y) = 0 and
this contradicts to y # 0. |

Corollary 5. If the x-representation 7 is irreducible and PyD*P,,DPy # 0, then there
exists 0 £ x € Hg and € > 0 such that PyD*P,, DPyx = &x.

Proof. By the previous proposition, *-representation 7 is irreducible because the x-rep-
resentation 7 is irreducible. Then

dimH,; <2, dimTm PyD*P,,DP, < 2.

Because PyD*P,,DP, # 0, we have that the self-adjoint finite dimensional non negative
operator PyD*P,, DPF, has positive eigenvalue £ and the related eigenvector x. [l

Let us introduce a map
Vit V=N
that maps every vertex into the unique path without repetitions from this vertex into

vertex i. It is evident that [ = 1o(m). Let introduce two paths with repetitions Iy =
(0,1,0) and I, = (m,m — 1,m). Consider the sets of paths,

S ={yo(i)]1 €V},
Lo = {tho(i) Ulo|i € Vo},
Lin = {$m() UI]i € Vin},
Lo = {thm (i) Ul Ul i € V).
It is evident that any [ € Ny can be represented in one of the two following forms:

I=lu@*ulu---u(*ul),

k times

I=lu@*ulu---ul*ul)ul,

k times

where k e NU{0} and ' e P =S U Ly U L, U Ly,

Proposition 6. Let m be an irreducible x-representation, PyP; # 0, and P,_1 P, # 0.
Then PyD*P,,DPy # 0.

Proof. Since PyP; # 0, there exists g such that Pyzg = xg, Py Pyzg # 0. Suppose that
PyD*P,,DPy = 0. Then 7w(II;. ;) = 0, so 7(II;) = 0. This means that «(II;) = 0 for any
path | € Ny such that II; contains II; as a subword.

Consider a linear span H' of a finite set of vectors {m(Il;)x }1enr, where Nj C N is
a set of paths [ which do not contain [ as a subword. It is evident that H’ is invariant
with respect to the representation 7. So it is equal to Hilbert space H.

Let us show that for any path [ € N{ the identity Py, Pp,—17(I;)zo = 0 holds. Indeed,
P,,_17(1l;) # 0 if and only if the initial vertex of the path [ is m — 1 or it is connected
with the vertex m — 1 by an edge. So,

L=1o(j), 1=1b0o(j)Ulo,
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where either j = m — 1 or j is connected with the vertex m — 1 by an edge of type 3.
If j=m-—1orj=m-—2, then P,P,_17(ll;) = n(Il;) = 0 and Py, Py, 1w(Il;) =
n(Il;)PoPiPy = 0. If j is a vertex, other than m — 2, connected with the vertex m —
1 by an edge of type 3, then P, P, _17(1l;) = 7j,m_17(Il;) = 0 or Py, Py_17(1;) =
ijm_l’/T(H[)P()Plpo = 0. Thus

Pumle = {0}7

which contradicts to P, P,,—1 # 0. O
Denote
SU Lip, s1=4, sa=4
p_ ) SULoULin, 51=95, s2=4
B 8U£inU£m, 81:4, 82:5;

SU£0U£inU£m, 51:5, 52:5.

Proposition 7. Let Py D* P,,,DFy # 0 then the linear span of the set of vectors, {m(Il;)x}, p,
is invariant with respect to the representation .

Proof. Let P = SU Ly U L, U L,, and H' be the linear span of the set of vec-
tors {7 (Il;)z}iep, then

H=> M,

eV

where H/ is the linear span of the pair of vectors {m(II;)z}, where

L€ {o(i),o(i) Ulo}, i€ Vp;
1€ {Yo(i), bm (i) UL}, i€ Vin;
L {tho(0),hm (i) Ul UL}, i€ Vp,.

For any path [ € Ny there exists a path I’ € P and numbers k € NU {0}, o € {0,1}
such that

I, = T, 0, T17

Let us show that H{, is invariant with respect to the set of operators W(H?*UiHETO)'
First of all, the vector Pm(II;, )z belongs to H), indeed,

P,PyP,Pyx = £ P, PyP,PyP,D* P,,DPyx
= ¢ 1901(PLPy))P,D*P,,DPyx
= ¢ Y\ PLPyD*P,,DPyx + A\ D*P,, DPyx)
= MNP, Pyx+ " \oD* P, DPyx
= A (Iy,(1))x + /\éﬂ'(me(l)U[)ﬁ.
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It follows that W(H[*U[)k(POPlPO)”m belongs to Hy,
(I )T =€T12 - Tm—2,m—17,

NPyP, Pox = )\POD P,,DP, PyP, Py
= \/PyD*P,,DP, Pyx: + N PyD* P,, DD* P, DPyx
= N2+ \JPyD*P,, 1Py, Pyy_1Py, Pru_1DPyx
= \N"x + \'PyD*P,,DPyx + \3 PyD* P,y,_1 DPox
= X'z + Xy'¢x + \sPy Py Py
= MMy (0))2 + A7 (Lyy (0) 0ty )2-

(.

Now let us show that 7(II; )z € H' for any path I’ € P. The vector 7(II;II;, )« belongs
to H,,, indeed,

W(H[)P()Plpox = W(le(m))Plp()PlPOx
= Alﬂ(le(m)H¢o(1))I + )\/QW(le(m)me(l)ulﬁ)I
= Mr()z + X" 7 (I, 7).
Furthermore, it is evident that H{ is invariant with respect to 7(Il;,) and H,, is invariant
with respect to w(II;, ), thus, for any path I’ € P, the vector w(II)z belongs to H,;

ifi e Vy and i € V,,.
For any vertex i € Vj,,

7(yy(s)) PoPLPox = m(Ily, (;)) PrPo PL Pox
= N (Iy, iy Iy 1)) + A’Qw(le(i)H%”(l)U[)x
= My )z + Ay W(me(i)ui)x’
m(ILy,, 1) Po Py Pox = Alﬂ(me () + A" w (y,, ), )
(H¢ )Ul)ili + >‘57T(Hwo(l))
as far as
Ty, )7 (M, o) = 7Ly, _, @) Pm—1 PonPrn—1 P P17 (W (1) )2
= My, (6) Prn—1 P P17 (W (m—1)) T
+ Asm(ILy,, (i) Prn1m (W m—1))®
=Xl oyoi)T + AT (g (1)),

so the vectors m(ILy, ;1L )z and (1L, (i )UlHlo)x belong to H;.
This means that A’ is invariant with respect to the representation .
Let us show that, in the case of s; =4, dimH; = 1 for any vertex ¢ € Vp. Indeed,

PyP,Pyx = ¢ 1PyP,PyP,D*P,,DPyz
= ¢ 91 PoP.D*P,,DPyx = 79 1.
If s =4, dimH, =1 for any i € V,, as well, indeed,
PPy Pyr())z = PP 1 Py Py (1))
= Tm—1,mPrm P17 (I (m—1)) T
= Tm—1,mm(II})2.

Thus we have proved that the linear span of the set of vectors {m(Il;)z},.» coincides
with the Hilbert space H’. O
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The following theorems are corollaries of the previous proposition.

Theorem 8. For any irreducible x-representation
m:TLg,, .51 — B(H)
the following inequality holds:
dimH < 2|V]|.

Moreover,

H < Vol +2|Vin| + V| if s1 =4 and s2 = 4;
dimH < [Vo| +2|Vin| +2|Vin|  if 51 =4 and s; = 5;

H<2\Vol +2|Vin| + V| if s1 =5 and so = 4.

dim
dim

Theorem 9. For any non trivial irreducible *-representation
T TLGS],SQJ,L — B(H)

the following inequality holds:
rank P; < 2.

Moreover, rank P; = 1 in the cases of i € Vi, s1 =4, and i € V,,,, so = 4.

Proof. For any | € P the vector Pyr(II;)z belongs to H! which was defined in the proof
of Proposition 7. So, rank P; = dim H O

2. *-REPRESENTATIONS OF A PAIR OF PROJECTIONS CONNECTED WITH AN EDGE OF
TYPE 3, 4, OR 5

The results here are not new, but they will be needed when we describe irreducible
proper *-representations of the algebras T'Lg; , ¢,1 .

Let Py, P, be nonzero projections on a finite dimensional Hilbert space H related with
one of the next types (8), (9) or (12). As earlier H; = ImP;, i = 0,1. We describe Hg
and H; in each case.

1. Let f(x) =z — 7, where 7 € (0;1). And relations f(PoP1)Py =0, f(Pi1Py)PL =0
hold, i.e.,

(8) 1:)01:)1P0:7'1:)07 P1POP1=TP1.
This means that Py, P; correspond to vertices joined with an edge of type 3.
Consider the operators
P, P; . .
Aivj: \/7T {Hj 'HJ‘HHZ" ’Lv]:Ovla Z#]
Proposition 10. The subspaces Ho and H1 are isomorphic, and the operators Ag 1, A1,0
are unitary.

Proof. Relations (8) imply that dim Hy = dim #H;. Then

« Py Py Y PR
A1 = (\/; IVHl) = N {Ho = A 0.

We have
A3,1A0,1 = Al,OAO,l = Id?-tl, A071A8’1 = A0,1A170 = qu.[w

S0,

*  _ p1—1 * . p—1
AO,I - AO,l? Al,O - Al,O‘
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2. Let f(z) = (x —7)x, where 7 € (0;1]. And the relations f(PyP1) =0, f(P1Py) =0
hold, i.e.,
(9) (PQPlpopro)Popli(), (Plpoplprl)Plp():O.
This means that Py, P; correspond to the vertices joined with an edge of type 4.

Proposition 11. The subspaces Ho, H1 can be decomposed as

(10) Ho = Ho,o @ Ho,1 and Hi=Hi,0DHia
such that

PP,
(11) Aoy = % 30,0 10 = Hoo

is correctly defined and is unitary, where
/H071 = ker(PlPO) NHo,
7‘[171 = ker(P0P1) N Hl-
Proof. We define
H070 = ker(P0P1P0 — TP()) N H(),
HLO = kel"(Plpo.Pl — TP1) ﬂHl.
Let us show that Hoo L Ho,1. Indeed, let x € Hp o and y € Hp,1. Then
1 1
(z,y) = ;<P0P1P0$,Z/> = ;<$7P0P1POZ/> =0.

In the same way we have Hio L Hq 1.

It is clear that Hoo & Hoa1 # {0} and Hi,0 @ Hi1 # {0}. We prove that Hy =
Ho,0 ® Ho,1. If not, then there exists z € Ho, z # 0 and z L Ho o © Ho,1-

Then (PyPyPy — 7FPy)z # 0. Put 21 = (PoP1Py — 7P)z. Then z; 1 Ho 1, indeed, for
any x € Ho 1,

(z1,2) = (z,(PoPiPy — TPy))z) = —71(2,2) = 0.
Then Py Pyz; # 0, so
P1P021 =P1P0(POP1P0—TPO)Z= (P1POP1P0—TP1P0)Z7£O,

which is a contradiction. So, Ho = Ho,0 ® Ho,1. Similarly H1 = Hi,0 @ Hi1.

We prove that Py Pi(Hi,0) C Hoo. Indeed, for any y € Hy g, we have

(POP1P0—TPO)POP1y:0.

So, the operator Ay ; is correctly defined. Let us prove that it is unitary. we have,
PP

Ag = T {7'[0,0 : Ho,o = Hio = A1,
« bbbk
" PPy PoPy
Apa Ao = VIR (Hl,o =P {Hl,o = Idy, ,.

O

3. Let f(z) = (z — 7°)(z — 71), where 79,71 € (0;1] and 7% # 7. And the relations
f(Popl)Po =0, f(Plpo)Pl =0 hold, i.e.,
(12) (P()Plpo7TOP0)(P0P1P077'1P0):0, (Plpopl7TOP1)(P1P0P177'1P1):0.

This means that the projections correspond to the vertices joined with an edge of type 5.



262 N. D. POPOVA AND A. V. STRELETS
Proposition 12. There are the decompositions
(13) Ho=Hoo@®Ho1 and Hi=HioDHi1

such that the operators

PP,

A8,1 = ﬁ ’V,HI,O : 7-[170 — ’Ho,o,
P,P,
A(I)J = \/7—71 {7‘11,1 27‘[171 — 7‘[071

are correctly defined and unitary.
Proof. We define

Ho; = ker(PoPy Py — 7' Py) N Ho,
Hy,; =ker(PLPyP, — 7'P))NHy, i=0,1.

Obviously, Ho,o L Ho,1. Indeed, let x € Hp o and y € Hp,1. Then

7_1

1 1
(z,y) = ﬁ<P0P1Pofﬂay> = ;0<x7PoP1Poy> = —(z,9),

ﬁ
so (x,y) = 0. Similarly, H1 9 L H1 1.

Notice that Ho o @ Ho1 # {0}. We prove Ho = Hoo D Ho,1. Otherwise there exists
z € Ho,z 7& 0 and z L /H0,0 (&) ’HOJ. Put z; = (PoPlpo - Tlpo)z, then z; 75 0 and
z1 L Ho,1. Then z1 L Hpp. Indeed, for any = € Ho,o we have

(z1,2) = (2, (PyP1 Py —TlPO):z:> = (TO —tHY{(z,2)=0.

We obtain z; L Hoo ® Ho,1, which implies that (PyP1 Py — 7°Pp)z1 # 0 and (PoPy Py —
T9Py)(PoP1Py — 7' Py)z # 0, which is a contradiction. So, Ho = Ho,0®Ho.1. In a similar
way, H1 = Hi,0® Hi,1.

Let us prove PyPy(H1,) C Mo, where i = 0,1. For € Hy;, we define y = PyPx.
Then

(PyP,Py — 7' Py)y = (PyPPy — 7' Py) PyPix = Py(PyPyP, — 7'P)x = 0.

Similarly, P1Py(Ho,i) C Hi, 0= 0,1,
We have shown that Af ;,i = 0,1 was defined correctly. Obviously,

P, P,

(462" = Aio = = [,

:IHOJ‘ *>,H1,i7 i:(),l.

For any « € Hp,;, we have

o PyP, P, P, ‘
Ap1(Ap ) e = ==

Vo Ve T

And for any y € H1 ;, we obtain

. . PIPO POP1 Ti
Ag 1) A1y = —F=—F=y=y=y.
( 0,1) 0,1 \/7_7 \/77 T

Which implies that Af ;,i = 0,1 are unitary. O
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3. A DESCRIPTION OF PROPER *-REPRESENTATIONS OF THE ALGEBRAS T'Lg; _ r 1
WHERE s =4 OR s = 5.

As earlier, G5, is a tree where the edge vp,1 has type 5 and v,,—1 ., has type s,
s € {4,5}.

We call a *-representation 7 of the algebra T'Lg,  r1 proper, if any of next relations
does not hold:

PP Py = T(()),le PPyP = 7'(())71Pla

PyPLPy =14, Py, PIPyPy =715, Py,

PPy 1P =791 P, P 1 PPy =T 4 Prm1,

PP, =0, Py _1P,, =0, if s =4,
PP 1P =701 P, P 1P Py =Ty 4y Pr1, if s=25.

If any of these relations holds then the irreducible *-representation is a lifting of some
x-representation of the corresponding quotient algebra, which is finite dimensional (for
representations of finite dimensional algebras T'Lg ¢, 1, see [10]). For example, relations
between py and p; imply that, if popipg = Tg)lpo holds, then pipop1 = Té’lpl, 1=0,1
holds too (and vice versa). And quotient algebra T'Lg, 1 /(popipo — T&lpo,plpopl —
74.1p1) is finite dimensional.

Note that in the case s = 4, if for an irreducible x-representation P,,_1P,, # 0 holds,
then P, P,y,_1P, =79 P, is true (can be proved using 7).

m—1m
We consider a linear space L generated by |P| vectors &;,9;, where i € V, j € V,
where V is the following subset of the set of vertices:

‘N/: ‘/OU‘/WH 5:47
V, s =5.

For any v € (0;1), we consider, on L, a sesquilinear form Bg, f defined on the vectors
of basis in the following way:

B(Ij;r gyf(:%i;jzi):B(ég‘vs,f(gjagj):l, ZEV; jef/;

BY, (@4, d5) = BE,  (i,4) = { \/To Yij =01,

Vi vi,; € Rs,
o o /1 L
B(”;&mf(yi,yj) = B(”;,S,S’f(yj,yi) = T0,1» Yi,j = 70,15

1 _ K.
“\/VYTm—1m> Yij = Ym—1,m, S =05

A-v)rt 1., (G,5)=(m—1m), s=05,
B, . ¢(&i85) = Be, (05, 2:) = { /(1 = )70 _1 e (6,5) = (mym — 1),
0, otherwise.

On the other pairs of basis vectors, Bf_ of equals to 0.
Let Xg, ,,r be the set of those v for which the form B _ ; is non-negative definite.
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For v € Xg, s, denote by H, the Hilbert space obtained by equipping the linear
space L/Lg,,, where Ly, is the set of those & € L that BEMJ(@, %) = 0, with the scalar
product (& + Lo, 9 + Lo ) = B¢, | ¢(2,9).

Denote by x, = x = & + Lo,. Since, by the definition of B((V;’S,saf7 any &;,9;, ¢ €
V,j € V, are not in Ly, the corresponding x; = &; + Lo, y; = §; + Lo, generate the
space H,. But in the case when the form is not positive definite, the set x;,y;, where
i€V,jeV,is not the set of linearly independent vectors.

For an arbitrary vertex ¢ € V define an operator P;, = P; to be the orthogonal
projection onto the linear span of the pair of vectors z;, y;, if i € V, and for an arbitrary
vertex 1 € V\f/ the operator P;, = P; is defined to be an orthogonal projection onto the
linear span of vector x;.

Proposition 13. For any x € H,, we have the formula

{(xaxl>$z+<xayl>yla ZEV?

PZ‘IE = ~
(z,2; )z, icV\V.

Proof. 1t sufficient to notice that ( Pz, 2;) = (2,;) for any i € V, and (Pz,y;) =
(z,y;) for any i € V. O
We denote H; = Im P;, and fix the basis {z;,y:}, if i € V, and {z;}, if i € V\V. The

operator X; ; : H; — H;, i # j is defined to be the restriction of P;P; to H;. By simple
calculations, we have that, in the fixed basis,

(1) X;; =0, if the vertices ¢ and j are not connected with an edge;
(2) Xij = (Tiy), if s=4and i,j € Vin;

T q 0 .. >
(3) Xm-< O’J H>,z,j€V,’yij€R3;

Ti,j

)

(4) Xo1 = ' ;
0

0
_ _ Vv o
(5) Xm—l,m = (1 _ I/)TO =\ Tm—1,m <m pif s =4

(6) Xm—l,m, ==

Notice that, if we denote

= (Mg o) v (s )

m—1,m
then X1 = U\/B, for the case of s = 5. It is clear that U is a unitary, self-adjoint
matrix and X7 = Xji-
Lemma 14. For each v € Xg, , f, the mapping
7y TLgy , r.1 — B(Hy) :pi — B
is an irreducible proper x-representation.

Proof. Let us show that 7, is a *-representation.
It is clear that P?x = P, since {z;,y; ) = 0.
Any relation of the form f(P;P;) =0, f(0) =0, or f(P;F;)P; = 0 is sufficient to be

verified on the vectors of H;, since on the vectors of Hjl they are clearly satisfied. Let
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us fix some vector z € H;. We denote by o = (z,2;), j € V, and 8 = (z,y;), j € V,
the coordinates of = in the basis of H;.
If the vertices ¢ and j are not connected with an edge, then

Pinx:Xi,ja:O, 824, jEVm;

Let now the vertices i and j be connected with an edge of type 3, then the following
relations hold:

(PjPP; —1jPj)x = (XX, ; —mij)a=0, s=4, jeV,;
(PjP.P; — 7:;P))x = (X, Xi ; — 7i;1;) (g) =0, jeV.
Let ¢ =1, j = 0, then, for the projections Py, Pi, the following is true:
(PoPLPy—70 1 Po)(PoPyPy — 75, Po)x

o
= (X01X1,0 — 70110)(X0,1X1,0 — 70.110) <5)

(0 0 7871770171 0 « —0
—\0 T&’l—Tg’l 0 0/)\B)

P()Plft)o—Tg)l]DQ7507 P0P1P0—7'01)1P07é0.
The case i =0, j =1 is similar.
Let s=4andi=m —1, j =m. Then
(Pum—IPm_Tgmfl,um)x = (Xm,m—le—l,m - Tf?L*Lm)a
0 e — Vv 0
= (Tmfl,m (\ﬁ 1- V) Vi—v - Tmfl,m)a =0.

Notice, that

Which implies that
PP 1 PPyt — 79 1 i PP = 0,
P 1PyPr 1P — 7 4y Pr—1 P = 0.
But

1
(melpmpmfl_TglfLumfl)xmfl = (mel,me,mfl - T'r(p)@—l,m-[m*l) (O)

=T,

() i) )
=rhan (ir20y) #O

Let s=5,i=m, j=m — 1, then

(melpmpmfl - Tglfmemfl)(melemel - Trlnfl_’mpmfl)l'
= (mel,me,mfl - Tfr?],—l’mIM71)(Xm71,me,mfl - 7—7—1,171’m—[m71) (g)

= (UDU =72 _1 L1 )(UDU =7} T (g)

) = «
= U(D - TSL—LmIm—l)(D - T}n—lgrtlm_l)U (5) =0
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Notice, that
P 1Py Po—1 — 7'7%_17mpm—1 7é 0, Pn_1PnPpr_1— T%_l,mpm—l 7’é 0.
In the case of s =5, i =m — 1, j = m, we have

(Pum—IPm - ng—l,mpm)(Pum—lpm — Ty —17um)x

m

1 (0%
= (X7n7m—1Xm—17m - TSL—lJrLIm)(Xm,m—le—lam - TnL—l,'rnIm) (B)

= (D~ 8D = 7h ) () =0

and
PrPo1Pry — 70 1 P # 0, PouPoy1Poy — Tp_ 1 P # 0.
So, we have shown that 7, is a proper x-representation.
Let us prove that 7, is irreducible. Assume that an operator C' € B(H) commutes
with all P;,7 € V. We are going to show that C' is a multiple of the identity. Since

CP; = P,C, we have C(H;) C H;,i € V. So that
POPlPOCxO = CP()PlPOajo = ,/78,10P0x1 = Tg’lcflio,

PoPyPyCyo = CPyP1Poyo = \/70.,CPoyr = 751Co

and Czg = A\oxg and Cyg = A1y for some A\, A; € C.
From

7'(()),101‘1 = CPixg = PiCxog = NPy = /\0\/ 7-8,1x17

7&71Cy1 = CP1y0 = P10y0 = /\1P1y0 = )\1 7'0171y1,

it follows that Cx; = A\gz1 and Cy; = A\1y;-
Let the vertices ¢ and j be joined with an edge of type 3 and we have Cx; = A\gz; and
Cy1 = Alyz Then PJPZ.TZ = ml’j, PJszz = \/Tijp and

(14) \/Ti,jCZL’]‘ = C.le'i = PJCI'Z = )\OijL’i = AOw/Ti,jxja
(15) VTi;Cyj = CPyy; = P;Cy; = M Py = My/Ti jYj,

which implies that Cz; = Aoz; and Cy; = A1y;.
In the coordinates of the subspace H,,_1,

1 o
P 1 PP 1mo1 = X 1mXmm—1 (0> - <ﬁ> s

it can be shown by a simple calculation that o # 0 and 5 # 0 in the both cases s = 4
and s = 5. And in the coordinates of the subspace H,,_1, we have

)\OQ - _ o )\00&
<)\1/B> B Cmelmemflxmfl - )\O'melpmpmilxmil B ()‘OB> 7

which implies that A\g = Ay.

We have shown that Cx,—1 = AgZm—_1 and Cym—1 = AoYm—1. Let us prove that
Cxyy = Aoy and Cyp, = Aoym. If s = 4, then in the coordinates of the subspace H,,_1
we put

= <\/%) € Hpn1,

then

) 5 v
Pt =PoPn 17 =X m-1 <\/If—7y) =\ Tm—tmTm-
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In the case where s = 5, we consider the vectors Z,,—1 = Uxm—1, ¥m—-1 = Uym—_1, then

- - 1 /= (1
PoZm1 = PP 1Tm—1 = Xpym—1U <0) =VvD <0) = Tr%—l,mx’m’

- . 0 /= (0 /
Prtm—1 = PnPn1Um-1 = Xm,m—lU (1> =VvD <1> = Tn11_17mym-

As earlier in (14) and (15) we obtain that Cx,,, = Aoz and Cyp, = AoYm. So, we have
shown that C = A\gI, which means that 7, is irreducible. O

Proposition 15. x-Representations m,, and m,, are unitary equivalent if and only if
V1 = UVa.

Proof. Let m,, be unitary equivalent to m,,, i.e., there exists a unitary operator U :
My, — Hy,, such that Ur,, (a) = m,,(a)U for any a € T'Lg, , ... Since Um,, (pm-1) =
Ty (Pm—1)U, the restriction of operator U onto H,,—1,, is correctly defined,

Um—l : Hm—l,vl — 7'1111—1,1/2-

The operator P,,_1Pp_o... PLPyP; ... P, _5P,,_1 in the coordinates of H,,_1 has a
diagonal form,

m—2 0 0
70,1
Xm—1m-2---X10X10--- Xm2m-1= I I Th,k+1 < 0 1 )
k=1

To,1

It is easy to show that in the bases of H,,—1,.,, Hm—1,., the unitary operator Upp_q is
of the form
et 0
( 0 sz) ,  P1,P2 € [07271-)
On the other hand, P, 1., PmwsPm—1.s = Um—1Pm—1. Py Pm-1.,,Ufy_1. In a
coordinate representation there are 2 x 2-matrices on the left- the right-hand sides, by a
direct computation of the value in the first row and the first column, in the case of s = 4,

we obtain vy 70, = 170, and in the case of s = 5 we have the equality

—1m —1,m>

T+ (L= V)T 1 = 02T 1+ (L= 2) T s
ie.,
Vl(TgL—l,m - Trln—l,m) = VQ(TTOn—l,m - Tv}n,—l,m)'
Since 79,1, # 0 and 70, |, # Ty 1. In the two cases we have v = v5. O

4. A DESCRIPTION OF ALL IRREDUCIBLE PROPER *-REPRESENTATIONS OF THE
ALGEBRA T'Lg, , 7,1

Let 7 be an irreducible proper *representation of the algebra T'Lg, , 5 1. We will
show that there exists a number v € X, , y such that the *-representation = is unitarily
equivalent to the *-representation .

Proposition 16. Let 7 be an irreducible proper x-representation of the algebra T Lg, . f,1
on a Hilbert space H. Then there exist a number v € (0,1) and vectors u;,v; € H,i €V,
j €V, such that P; is an orthogonal projection on a subspace of H generated by a pair
of vectors u; and v; if i € V or generated by the vector u; if i € V \ V. Moreover, the
Hilbert space H is a linear span of the set of vectors {u;, ”j}iev,jef/ and the Gram matriz
of this set of vectors is equal to the matriz of sesquilinear form B¢ ;.
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Proof. If the vertices ¢ and j are connected with an edge of type 3 then, by Proposition 10,

the operator A4; ; = % I, Hj — H; is unitary. Consider the case ofi,j € V. Suppose
57
uj,v; € Hj, uj L v;, and ||u,|| = ||vj]| = 1. Define u; = A; ju; and v; = A; jv;. Then
u; L vy, Jui]l = |Jvi]l = 1 and the following identities hold:
P,P;
(ui, uj) = (#uj,up = Vi (g, u5) = /T 5,
0.
PP
(vi, vj) = (——=vj,vj) = V70 (vj,v5) = VT,
0.
P,P;
(ui, vj) = <%“javj> = V/Ti,j{uj,v5) =0,
0.
P,P;

\/TT;Ujvuj> = m<vj’uj> =0.
The same reasoning applied to the case of i, j € V\V allows us to define u; = A; ju; € H,,
lui|| = 1, if we have already defined u; € H;, ||lu;|| = 1.

So, to construct a set of vectors u;, ¢ € V and v;, j € V, it is enough to find vectors u;,
i €{0,1,m} and v;, j € {0,1,m}NV.

By Theorem 9 for an irreducible *-representation, rank P, = 1 for i € V' \ V, and
rank P; < 2 otherwise. If rank Py = 1, then PyP; Py = AP, for some A € C, on the other
hand (POP1PO - T(()),1PO)(POP1PO - T0171P0) = 0, and so either A = T(()),l or \ = T&.l' This
means that if rank Py = 1 then the representation cannot be proper. Thus rank Py = 2
and so rank P, = 2, i € V, as far as all projections P; have the same rank for i € V.

By Proposition 12, the projection P; has two eigenvectors u; € Hi o and v1 € Hi
such that [[ui]] = |los]] = 1 and uy L vy, Let ug = AJ u; and vg = Ag,v1. Then
up € Ho,o, vo € Ho1 and up L vg, Jug|| = [Jvol| = 1. It is evident that the following
identities hold:

(Vi uj) = (

70,1

a) Let us now consider the case of s = 5. By Proposition 12 there exists a pair
of vectors tpm—1 € Hm—1,0 and Op_1 € Hm—1,1 such that ||Up_1| = [|[Om-1| = 1 and
Upm—1 L Upmy—1. Then, for some numbers v € [0,1], ¢, ¥, 0 € [0, 27], the following identities
hold:

T—1 = €\ VU1 + €Y1 — oy, 1,
-1 = (e7VI = Vttyy_1 — €0y _1)e”.
Define u,, and v,, by the formulas
PP, 1 . PoPo1 .

Um = o Um—1, Um = 1 Um—1,
\/ Tmfl,m \/ 7-'mfl,m
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then, evidently, ||um| = ||[vm]] = 1 and uy, L vg,.

If v = 1, then the set of vectors {u;}, ¢ € V, is invariant with respect to the x-
representation. If v = 0, then the set of vectors {u;} U {v;}, i € V\V,,, 7 € Vi, is
invariant with respect to the *-representation. So, in both cases, the linear span of the
set does not coincide with H thus the s-representation 7 cannot be irreducible and we
obtained a contradiction. So v # 0 and v # 1.

Evidently, t,,—1 and v,,_1 can be chosen in such a way that

Up—1 = \/Ijumfl + ei(thr’lb) V1—vu,_1,

’l~}m_1 = 1-— VUm—1 — ei(Lp+w)ﬁUm_1.

Moreover, replacing vq with e!(®T%)y; we will get that following identities hold:

Up—1 = \/;’U,m,1 +V1—vum,a,
U1 =V1—=VUpy 1 — \/;Um—b

Then
melpmpmfl ~ 0
<umflaum> = <um717 0—um*1> = Tmfl,my7
Tm—l,m
Py 1 Py Pr—1 -
(Um—1,Vm) = (Um—1, ml&“mfﬁ = T#*l,m(l —v),
7-m—l,m
Py 1Py Pr—1
(Vm—1,Um) = (Vm—-1, mo#um,ﬁ = 7—791—1,771(1 —v),
7.Tn—l,m,
Pm—lpmpm—l ~ 1
<Um71avm> = <Um717 1—Um*1> = - Tm—l,my‘
7—m,fl,m

So we have found a set of vectors {u;, v; };cy such that their Gram matrix is equal to
the matrix of the sesquilinear form B, . ¢ and the image of the projection P; is a linear
span of the pair of vectors {u;,v;}. Since the linear span of the set is invariant with
respect to the x-representation, it coincides with .

b) The case of s = 4 is almost the same. In this case, rank P,,, = 1 and, by Propo-
sition 11, there exist vectors @y,—1 € Hm—1,0 and Up—1 € Hyp—1,1 such that ||Uy,—1] =
|9m-1]] = 1 and Gp—1 L Opm—1. Then for some numbers v € [0,1], ¢,v € [0,27], the
following identity holds:

U1 =€ P\/Uupm_1 + ¥ V1 —vog,_1.

Define u,, by the formula
o Pum—l

Um, Um—1,

T’r?t—l,m
then, evidently, ||u,|| = 1.

In the same way as in the case of s = 5, we can show that, for an irreducible *-
representation, v € (0,1) and the vectors i,,_1 and v; can be selected in such a way that

Up—1 = \/;umfl +V1I—vvm,-1.
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Then uy, € Hupm,o and
melpmpmfl ~

(Um—1,Um) = (Um—1, O—Um%) = T79L71,m]/7
7—m—l,m
P 1PnPr s
(Vm—1,Um) = (Vm—_1, mlo#umfﬁ = 779171,771(1 —v).
7-Tn—l,m,

So, we have found a set of vectors {u;, v;};cy ;e such that their Gram matrix is equal
to the matrix of the sesquilinear form B, , ; and the image of the projection F; is a

linear span of the pair of vectors {u;,v;} for i € V or the single vector u; for i € Vj,.
Because the linear span of the set is invariant with respect to the x-representation, it
coincides with H. |

Theorem 17. For any proper irreducible x-representation m of the algebra TLg, , 1
there exists v € Xg, , 5 such that w is unitarily equivalent to m,.

Proof. For any proper irreducible *-representation 7, according to the previous proposi-
tion there exists a number v € (0,1) and a set of vectors {u;,v;},cy ;e such that their
Gram matrix equals to the matrix of the sesquilinear form Bg_ ;. So, the sesquilinear
form Bg_  ; is non-negative definite, i.e., v € Xg, . Let us show that 7 is unitarily
equivalent to 7. )
We define an operator C : H — H, by Cu; = x;, Cvj =y;,1 €V, j € V. It is clear,
that C' is a unitary operator.
Then, for any ug, vi and ¢ € V, the next relations hold:
CPiug = (ug, ui) Cu; + (ug, vi)Cv; = (Tg, i) @i + (Tk, Yi) Vi
C Py = (v, u)) Cui + (vk, vi) Cvi = (Yk, Ti) i + (Y, Yi) i
P, Cuy, = P yxy = (Tp, )T + (T, Yi) Vi
P;Coi = Py uye = (Y, 20) @i + (Yr, Yi) Yi-
And for any ug, vi and i € V' \ V, we have
CPiuy, = (uk, u;)Cu; = (x), 24) T4,
CPvg = (vr, ui)) Cui = (yg, i) i,
P, ,Cuy, = P, yxi, = (Tk, i) T4,
P, ,Cvi = P yyx = (Yi, i) ;.
So, we have shown that CP; = P;,C for any i € V, which implies that the *-
representations 7 and 7, are unitarily equivalent. O

5. EXAMPLES

As examples we consider the graphs G5’4 and G5,5 such that the sets of their vertices
consist of precisely three elements {0,1,2}. For these algebras we will describe the
sets 2@5 if and EG5 o f"

For G574, the matrix of the related sesquilinear form in the basis {zo, yo, 1, y1, 22} is

1 0 Vi 0 0

0 1 0 VT 0
0 1 0 VT

0 o1 0 1 (1—v)1dy
0 0 Ve, (1 =), 1
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and, for G5$5, the matrix of the related sesquilinear form in the basis {zo, yo, 1, y1, 2, Y2}
is

1 0 VT 0 0 0

0 1 0 VT 0 0

5 0 1 0 Nz (1 —v)1iy
0 o1 0 1 1-v)ry —\/vTh

0 0 NIz V(A =)l 1 0

0 0 1-v)1y, =7 0 1

To find when these matrices are nonnegative definite let us calculate the principal
diagonal minors of these matrices. Note that the principal diagonal minors of the first
matrix are principal diagonal minors of the second one as well. Let us denote the minors
by M;,i=1,...,5 (i=1,...,6 for the second matrix).

To calculate the determinants, we use the fact that if to some row we add a linear
combination of others rows then the determinant of the matrix does not change. Such a
transformation of the matrix will be called an allowed transformation.

First of all, consider the case of 7§; = 1. Then, evidently, M; = My =1, M3 = M, = 0.
Furthermore, by using allowed transformations, we will get the identity

1 0 1 0 0

01 0 Nz 0
Ms;=det [0 0 0 0 VT
0 0 0 1-74 (1—v)rs,
0 0 vy, VO-v)1h 1
So My = —v(1 — 7)1 < 0, because 1 = 78 > 7d;, 70 > 0, v € (0,1). This means

that in the case of 7} = 1 the matrices of these forms cannot be nonnegative definite,
so, there do not exist proper representations.

If 79 < 1 then, evidently, M1 = My =1, M3 =1—13; >0, My =1— 174 > 0, and
using the allowed transformations we can get the identities

1 0 Vi 0 0
01 0 i 0
Ms=det |0 0 1—1g 0 VUL
00 0 1—718 (1—wv)7s,
vl (1—v)T
00 00 1o U
and
10 Vi 0 0 0
01 0 L 0 0
Mg = det 00 1—-79 0 Nz V(=) ’
00 0 1—714 (1 —v)1y —\/ VT
0 0 0 0 Xo Y
0 0 0 0 Y X4
correspondingly, where
D L N
l=75  1-my

y — \/V(l — V)T1aTiy _ \/V(l — V)T1aTiy
1—714 1—78 '
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Thus the first form is nonnegative definite if and only if

0 0
Xo—1— Vg (1—v)my
0 — 1_ 0 1_ 1 = U,
To1 To1
le.,
1 0 0 1
1 — 75, —T1» _ 0 To1 — To1 >0
1- 72 2 01— L) T
To1 ( To1)( To1)

which is equivalent to the inequality

1—7L =701 - 79
v < ( %1 012)(1 o) = vy = vo(f).
T12(T61 — To1)
Moreover, it is positive definite if and only if v < vy.
For the second form in the case of M5 = 0, we will get the identity

Mes = *Y2(1 - 781)(1 - 7'(}1)

1 1\’
:—V(l_V)Tlolel2(1—781)(1_7'&1) (1_71 T 1,0 ) :
01 01

So Mg < 0 and the condition v < 1y is required for the second form to be nonnegative
definite. In the case of v < 1y, the form is nonnegative definite if and only if

(16) XoX; —Y2>0.
It is evident that

; 1 1 ; 1 1
Xi :sz —_— 717 _7-1121/ T 1—4 ) i:071?
Ty 1—15 " L=700 1-7"

1 1 \?
2 0 _1
Y _1/(1—1/)7'127'12(1_T011 - 1_7(())1> .

Let us introduce

1—i i
X! 1 _ 1 1 —7y " — 7
[ 1—1 — 4 1—iy °
T2 11—y 1o (1 =751 ")
1 1

= 0 1
1 -7 1=

i=0,1,

Z

then inequality (16) is equivalent to the following inequalities:

(X, —vZ) (X +vZ)—v(l —v)Z*2 >0,

XX, —vZ(X, - X))+ 2Z) > 0.

Because

1 1 1 1
2 - X+ 2) = <1_7'(())1 1_7'011> (71127102)

0 1 0 1
To1 — Toq ) (T — T
_ (01 01)( 12 121) >0,

7817'(}1(1 - 7'81)(1 — To1)

inequality (16) is equivalent to
Xo X1
Z(X| =X, +2)

v <

or

1—78 =701 =79, — 74
( 01 12)( 01 i2) = v = un(f).

v
A (7'(?1 - T&l)(TIOQ - 7'112)
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So we have shown that X¢_ = (0,10(f)]N(0,1) and X¢__ = (0,v0(f))N(0,v1(f)]N
(0,1).

Note that X¢_, . is an empty set if and only if vo(f) <0and B¢ s is empty if and
only if v(f) < 0 or v1(f) < 0. Thus we have proved the following proposition.

Theorem 18. 1. The algebra TL(GM%l has no proper irreducible x-representations in
the case where

7'81 =1 or 7'011 —&-7'?2 > 1.
Otherwise, all proper irreducible unitarily nonequivalent x-representations are m,, where

S (07 1) N (Oa VO(f)]
2. The algebra TLg, . fL has no proper irreducible x-representations in the case where
7'011 —I—T& =21 or 7'81 +T112 > 1.
Otherwise, all proper irreducible unitarily nonequivalent x-representations are m,, where

v € (0,1) N (0,20(f)) N (0, 21(f)]-
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